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REGULAR LANGUAGES AND FINITE AUTOMATA 3.41

Or, n? <jz(s(n+1)*
1t means, the length of z s between ,* and (n-+1), and is not a perfect square. Therefore,
Lisnotregular.

Method -1l
Forexample,

Let

By pumping lemma, even if we pumpy i.¢. increase v then language should show the lengthas
perfect square .

~length of ais nota perfect square:
“Thus the behaviour of the language is not regular, as after pumping something onto it does not
show the same property (being square for this example.)
Example 4 : Show that L = {ww"|w &(0-+1)*} is not regular.

Solution :

Step 1: LetLis regular and n be the number of states in FA. Consider the string

where nis the number of states of FA,w=1...10.....0 and reverse of Wi. €., " =
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Step 2 : Splitthe string zinto uvw suchthat [uv < and |y [> 1 asshown below.

‘where Jui=n—1 and |v|=1 sothat [uv|=lut+}v|=n -1+ 1=n whichistrue. According to pumping
lemma, /¢ £ fori=0,1,2,

Step 3:Ifiis 0i.e.,vdoes notappearand so the number of 1's on the leftof zwill be less than
the number of 1's on the right of zand so the string is not in the form - S0, wv' & L when
=0, This is a contradiction to the assumption that the language is regular: SO, yey* isnotreguler.

Example 5 : Showthat L={ 0"[n 21} isregular.

Solution : This s alanguage length of string is always even.
ie. ;z=00
;=00 00 andsoon.

Let
|zZ=2"=w'w
Ifweadd 2n o this string length.
[E I ——

-ven length of string.

Thus even after pumping 2n to the string we get the even length. So the language L is regular
language.

Example 6: Prove that L= {ww | win (@ +b)* }is not regular.

Solution : Prove the result by the method of contradiction.

Step 1 : Suppose L is regular, let 'n' be the number of states in the automaton Maccepting ]

Step2: Letusconsider wiw = a’b’a”b in L|ww|=2(n+1)>n apply pumping lemma we write
ww=xyzwith |y 0,| xy{<n .

Step3: Tofindisuchthat xy/z ¢ L forgettingacontradiction. The string'y' can bein only one:
of the following forms.
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Case1:yhasnobisi.e., y=a* forsome 1.

Case 2: yhasonly one b.

We maynote that y cannot have two b's. Ifso [y 2 +2.

But < |xyf <n.

Incase 1, we can takei=0.

Then xy°z = xz isof the form g=pgp. Where m=n—k <n(or a’ba’b) x z cannotbe written
inthe form uu with u e {a,5)" andso xz ¢ L.

In case 2 also. We can take i = 0.

Then x°z = x- has only oneb.

S0 xz ¢ Lasany element in L should have even number of a's and even number of b's.

Thus in both cases we get contradiction.

. Lisnotregular.
Example 7 : Show that L={a’ | pisa prime number} s not regular.
Method -
Step 1 : Let L s regular and get a contradiction. Let n be the number of states in the FA
acceptingL.
Step 2 : Let p be a prime number greater than n. Let = = a* . By pumping lemma, z can be

written s z=vw, ith |w[<n and |v}>0. 4, v w are simply strings of a's. So, v=a” for
some p>1 (and <n).

Step3:Leti=p-+ 1. Then lv'w|=|um | +|v' |=p+(i~Um =p + pm . By pumping lemma,

wfweL. But ko'wl=p+ pm = p(i+m) and p(l+m) is nota prime. So uv'weL . Thisisa
contradiction. Thus Lis not regular.

Method - 11 : Let us assume L isa regular and Pisa prime number.

ww
Now consider whe  where i =2
“uvvw
Adding 1 to Pwe get,
P<[uvvw|
P<P+1

But P+ 1 is nota prime number. Hence what we have assumed becomes contradictory. Thus L
behavesasitis nota regular language.
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Example 8 : Show that the language L ={a' bi>0} is not regular.

Solution : The set of strings accepted by language Lis,
L= {abb, aabbbb, aaabbbbbb, aaaabbbbbbbb...}
Applying Pumping lemma for any of the strings above.
‘Takethe string abb.
Itis of the form uvi.
Where, |wv < i v[2 1
To findi such that w'w ¢ L
Takei=2 here, then
w'w =a(bb)b
=abbb
Hence uv'w=abbb ¢ L

Since abbbis not prosent in the strings of L.
-, Lisnotregular.

Example 9 : Show that L = {0| is a perfect square } is not regular.

Solution :

Step 1 : Let Lis regular by Pumping lemma. Let n be number of states of FAaccepting L.
Step2: Let z-o° then |z}=n22.

Therefore, we can write z=uvw; Where [uv|<n]viz1.

Take any string of the language L= { 00,0000, 000000.....}

Take 0000 as string, hereu=0, v =0, w=00to find i such that w'we L.
‘Takei =2 here, then

This string 00000 s not present instrings of language L. S0 wv'we L -
-, Ttisacontradiction.

3.9 PROPERTIES OF REGULAR SETS

Regular sets are closed under following properties.
1. Union
2. Concatenation
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3
4.
5.
6.

Kleene Closure
Complementation
Transpose
Intersection

Union : If R, and R, are two regular sets, then union of these denoted by R, + R, or
R, U R, isalsoaregularset.

Proof : Let R and R, be recognized by NFA N, and N, respectively as shown in
Figurel (a) and Figurel (b).

FIGURE 1(b) NFA for regular set R,
‘We construct a new NFA N based on union of N, and N, asshown in Figure 1 (¢)

FIGURE 1(c) NFAfor N, + N,

Now,
L(N) =€ L(V;) & +eL(N,) €
=R + Ry
=R +R,
Since, NisFA, hence L(N) isaregular set (language). Therefore, &, + R, isa regularset.
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2. Concatenation : If R, and R, are tworegular ets, then concatenation of these denoted
by RR, isalsoaregularset
Proof : Let &, and R, be recognized by NFA N, and N, respectively as shovm in
Figure 2(a) and Figure 2(b).

FIGURE 2(b) NFA for regular set &,
We construct anew NFA N'based on concatenation of N, and N, as shownin Figure2(c).

G &0

FIGURE 2(c) NFA for regular set R R,

Now,
L(N) = Regular setaccepted by N, followed by regular setaccepted by N; = RiR;
Since, ZL(N) isaregular set, hence RR, is alsoa regular set.

3. Kleene Closure : If Risa regular set, then Kleene closure of this denoted by R*isalso
aregular set.

Proof : Let R isaccepted by NFA n shownin Figure 3(a).

FIGURE 3(a) NFA for regular set R
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We construct a new NFA based on NFA N as shown in Figure 3(b).

FIGURE 3(b) NFA for regular expression for k"
Now,

L(V)={e,R,RR,RRR .}
s

Since, L(V) is aregularset, therefore £" isaregularsct.

4. Complement : If g is a regular set on some alphabet 3., then complement of g is
denotedby ="~ R or g isalsoaregular set.
Proof : Let R be accepted by NFA ¥ = (Q.2,6,5,F) . It means, L(N)=R.
Nisshown in Figure 4(a).

FIGURE 4(a) NFA for regular set R
We construct anew NFA " based on  as follows:
() Change all final states to non-final tates.

(b) Change all non-final states to final tates.
'is shownin Figure 4(b)

FIGURE 4 (b) NFA
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Now,

L(N")= {Allthe words which are not accepted by NFA N}

= { All the rejected words by NFAN}

=% -R

Since, L(N") isaregular set, therefore (£* - R) isaregularset.

5. Transpose : If Risarcgular set, then the transpose denoted by g isalso aregular set.
Proof : Let g beaccepted by NFA N = (@ %,8,5,F7) as shown in Figure ).

FIGURE 5 (a) NFA N for regular set R

If w isawordin g, then transpose (reverse) is denoted by 4,7 .
Let w

aya,..a,

Then w” = a,, ;..q,
We constructanew N based on  using following rules :

(a) Changetheall final states into non-final states and merge all thesc into one state and make it
state.
(b) Change initial state to final state.
(¢) Reverse the direction of all edges.
v is shown in Figures (b)

FIGURE 5(b) NFA N'for regular set g7
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Let w = ag;....a, beawordin g, thenitis recognized by  and

w! =a,a,_,...a istecognizedby n as shownin Figures (b)

Ingeneral, wesay that if aword w in R isaccepted by ,andthen y accepts 7.
Since, Z(N') is aregular set containingall 7 ; itmeans, L(N") = R” .

Thus, R isaregular set.

6. Intersection : if R and R, are two regular scts over 3, then intersection of these
denotedby R, R, isalsoa regular set.

Proof : By De Morgan's law for two sets 4 and Bover R,
ANB=R*~((R*-4)U (R*-B)

SO, R A Ry =54 (2 *-R)U(E* -R, )

Let Ry = (S*-R,) and R, = (Z*-R,)

S0, R and R, are regular sets as these are complement of &, and ;.

Let R, =R, U R,

So, R, isa regular set because it s the union of two regular sets &, and ,.
Let R,=3*-R,

So, R, isaregular set because it s the complement of regular set £;.
‘Therefore, intersection of two regular sets s also regular set.
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() Regularexpression for the given languages (a + b)* b

(b) Regularexpression for the given languageis (a + b)* bb

(¢) Regularexpression for the given languageis a (a + b) * b

(@) Regular expression for the given language is (a + ) *aa or aa(a+b)* or

(a+b)*bb(a+b)*

(©) Regularexpression forthe given languageds (a + b)* aab
The table below shows some examples of regular expressions and the language
corresponding to these regular expressions.

Regular expression Meaning

(a+b)* Set of strings of a's and b's of any length including the
NULL string.

(a+b)*abb Setof strings of 's and b's ending with the string abb.

ab(atb)* Setof strings of a's and b's starting with the string ab.

(atb)*aa(a+b)* Setof strings of a's and b's having a sub string aa.

a'brcr ‘Setof strings consisting of any number of s (may be
empty stringalso) followed by any number of b's (may
include empty string) followed by any number of c's
(may include cmpty string).

a'b'c’ Set of strings consisting of at least one 'a' followed by
string consisting ofat least one 'b' followed by string
consisting of at least one 'c.

aa*bb¥cc* Set of strings consisting of at least one 'a’ followed by
string consisting of at least one 'b' followed by string
consisting of at leastone 'c’.

(a+b)*(a+bb) Set of strings of a's and b's ending with either a or bb.

(aa) * (bb)*b Set of strings consisting of even number of a's followed
by odd number of b's.

(0+1)*000 Setof strings of 0'sand 1's ending with three consecutive
zeros(or ending with 000 )

an* Set consisting of even number of 1's

TABLE:

: Meaning of regular expressions
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REVIEW QUESTIONS

Q1. Whatis regular set ? Explain with an example.
Answer :
For Answer refer to Topic : 3.1, PageNo:3.1.
Q2. What s regular expression ? Explain with an example.
Answer :
For Answer refer to Topic :3.2, PageNo : 3.2.
Q3. Obain a regular expression to accept a language consisting of strings of a's and b's
of evenlength
Answer ;
For Answer refer to example - 1, Page No : 3.4.

Q4. Obtain a regular expression to accept a language consisting of strings of a's and b's
of odd length.

Answer

For Answer refer to example - 2, Page No: 34

Q5. Obain a reguler expression such hat L(r) = (¥ [ € (0.1 with atleast three
consecutive 0's }.

Answer :

For Answer refer to example - 3, Page No: 3.4

Q6. Obtain a regular expression to accept strings of 's. and b's ending with 'b' and has
no substring aa.

Answer :

For Answer refer to example - 4 , Page No : 3.5.

Q7. Obtain a regular expression to accept strings of 0's and 1's having no two consecutive
zeros.
Answer :

For Answer refer to example - 5 , PageNo : 3.5.
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Q8. Obtain a regular expression to accept strings of a's and b's of length < 1.
Answer :

For Answer refer to example - 6 , Page No : 3.5.

Q9. Obtain a regular expression to accept strings of a's and b's starting with ‘a’ and
ending with b

Answer :
For Answer refer to example - 7 , Page No : 3.6.
Q10. Explain equivalence of two REs using Arden's theorem.
Answer :
For Answer refer to Topic : 3.3.1, Page No:3.7.
Q11. Prove (1+00*1)+(1+00* )(0+10*1)* (0+10¥1) = 0*1(0+10* 1) *
Answer :

For Answer refer to example - 1, Page No : 3.9.
Q12. Show that (0*1*)’

=(0+D*
Answer :
For Answer refer to example - 2., Page No : 3.9.
Q13. 1 r be a regular expression then there cxists a NFA with & - moves, which accepts L(R).
Answer :
For Answer refer to Topic : 3.5 , Page No: 3.10.
‘Q14. Construct NFAfor the regular expression a + ba *.
Answer :
For Answer refer to example - 1, Page No : 3.13.
Q15. Construct NFAwith « moves for the regular expression (0+1)*.
Answer :
For Answer refer to example - 2., Page No : 3.15.
Q16. Construct NFAfor the language having odd number of one's over the set T = {1} .
Answer :
For Answer refer to example - 3 , Page No : 3.16.
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Q17. Construct NFA for the . e. (01+2*)0.
Answer :
For Answer refer to example - 4 , Page No : 3.17.
(Q18. Obtain an NFA which accepts strings of a's and bs starting with the siring ab.
Answer :
For Answer refer to example - 5 , Page No : 3.18.
Q19. Obtain an NFAfor the regular expression g* +' +c"
Answer :
For Answer refer to example - 6 , Page No : 3.19.
Q20. Obtain an NFAfor the regular expression (a +b) *aa(a-+5)*
Answer :
For Answer refer to example - 7, Page No : 3.20.

Q21. Construction of DFA equivalent to a regular expression (0+1)*(00+11)(0+1)* and also
find the reduced DFA.

Answer :
For Answer refer to example - 8 , Page No : 3.22.
Q22.1f L is accepted by a DFA, then L is denoted by a regular expression.
Answer :
For Answer refer to Theorem , Page No : 3.24.
Q23. Write equivalent regular expression for the following deterministic finite automaton.

'

o
[ [

=)0
Answer :

For Answer refer to examplo - 1 , Page No : 3.26.
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Q24 Construct the regular expression for the finite automata given in below figure.

=@

For Answer refer to example - 2 , Page No : 3.28.

Answer :

Q25. Explain Arden's method for converting DFA to RE.
Answer :

For Answer refer to Topic : 3.6.1 , Page No': 3.30.
Q26. Construct RE for the given DFA.

o,|

For Answer refer to example - 1, Page No : 3.30.

‘Q27. Construct RE for the given DFA.

Answer :

Answer :
For Answer refer to example - 2, Page No : 331.
Q28. Construct RE for the DFAgiven in below figure.

Answer :
For Answer refer to example - 3, Page No : 332
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Q29. Find outthe regular expression from given DFA.

Answer :
For Answer refer to example - 4, Page No : 3.32.

1Q30. Construct the regular expression for following DFA.
=)

For Answer rofer to example - 5, Page No : 3.33.
Q31. Give the regular expression of following DFA.

Answer :

Answer :

For Answer refer to example - 6 , Page No : 3.34.
Q32. State and prove Pumping Lemma for regular sets.
Answer :

For Answer refer to Theorem , Page N¢

37,

Q33. Prove that L = {a"p" :n 2 1} is notregular.
Answer :

For Answer refer to example - 1, Page No : 338.
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Q34. show that L={a"t|n>0} is not regular.
Answer :
For Answer refer to example - 2, Page No : 3.40.

Q35. Prove that £ = (4" :> 1} is not regular

Answer :

For Answer refer to example - 3, Page No : 3.40.
Q36. Show that L= {ww"|w €(0+1)*} is not regular,
Answer :

For Answer refer to example - 4 , Page No : 3.41.
Q37. show that L={ 0"|n=21} is regular.

Answer :

For Answer refer to example - 5 , Page No : 3.42
Q38. Prove that L= {ww | win (a+b)* } is not regular.
Answer :

For Answer refer to example - 6 , Page No : 3.42.

Q39. show that L={a” | pisa prime number} is not regular.

Answer :
For Answer refer to example - 7, Page No : 3.43.

Q40. show that the language L.

Answer :
For Answer refer to example - 8, Page No : 3.44.

Q41. Show that L= {0°|n is a perfect square } is not regular.

Answer :
For Answer refer to example - 9 , Page No : 3.4,

Q42. List and prove various closure properties of regular sets.

Answer :
For Answer refer to Topic : 3.9, Page No : 3.44,

(@b |i'> 0} Is not regular.
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Example 1 : Obtain a regular expression to accept a language consisting of strings of a's and b's
of evenlength.

Solution :
String of a's and b's of even length can be obtained by the combination of the strings a2, ab, ba,

andbb. The language may even consistof an emply string denoted by . S0, the regular expression
canbe of the form

(aa+ab+ba+tbb)*
The * closure includes the empty string.
Note : This regular expression can also be represented using set notation as

L(r)={(aa +ab + ba +bb)"|n0}

Example 2 : Obtain a regular expression to accept a language consisting of strings of a's and b's
ofoddlength

Solution :

String of a's and b's of odd length can be obtained by the combination of the strings aa, ab, ba

and bb followed by eithera or b. So, the regular expression can be of the form
(aa+ab+batbb)* (a+b)

String of a's and b's of odd length can also be obtained by the combination of the strings aa, ab,

baand bb preceded by either a or b, So, the regular expression can also be represented as
(a+b)(aa-+ab+ba+bb)*

Note: Even though these two expressions are seems to be different, the language corresponding

to those two expressions is same. So, a variety of regular expressions can be obtained fora

language and all are equivalent.

Example 3 : Obtain a regular expression such that L(r) = (I | W < {0,1}" with atleast three
consecutive 0's }.
Solution :

Anarbitrary string consisting of 0's and 1's can be represented by the regular expression.
(0+1)*
This arbitary string can precede three consecutive zeros and can follow three consecutive zeros.
So, the regular expression can be writtenas
(0+1)*000(0+1)*
Note : Using the sct notation the regular expression can be writtenas

L(r)={(0+1)" 000 (0 +1)" pn>0and n0}
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Example 4 : Obtain a regular expression to accept strings of a's and b's ending with b’ and has
no substring aa.

Solution :

Note : The statement "strings of a's and bis ending with'b' and has no substring 22" can be
restated as "string made up of either b or ab". Note that if we state something like this, the
substring aa will never occurin the string and the string ends with b’ So, the regular expression
canbe of the form
(b+ab)*

But, because of * closure, even null string isalso included. But,the string should end with . So,
instead of * closure, we canuse positive closure '+ So, the regular expression to accept strings
of a'sand b's ending with'b' and has no substring aa can be written as

(b+ab)’

The above regular expression can also be writtenas
(b-+ab) (b+ab)"
Note' Using the set notation this regular expression can be written as
L(r)={(b + ab)"|n21}

Example 5 : Obtain a reguiar expressionto accept strings of 0's and 1's having no two consecutive
zeros.

Solution :

‘The first observation from the statement is that whenever a 0 occurs it should be followed by 1.
But, thereis no restriction on the number of 1's. So , itis a string consisting of any combination of
1'sand 01's. So, the partial regular expression for this can be of the form
a+on*
No doubt that the above expression is correct. But, suppose the string ends with 0. What to
do? For this, the string obtained from above regular expression may end with 0 or may end with
e (i.e.,may not end with 0). So, the above regular expression can be writien as
A+01(0+¢)
Example 6 : Obtain a regular expression to accept strings of a's and b's of length <10.

Solution :
The regular expression for this can be written as
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e+a+b-+aa+ab+ba+bbt.....+bbbbbbbbba + bbbbbbbbbb
ina regular expression is not recommended and so we can write the above.

But, using
expressionas
(e+a+h)”

Example 7 : Obtain a regular expression to acceptsirings of a's and b's starting with ‘2’ and
endingwith b’

Solution :

Strings of a's and bis of arbitrary length can be written s (a-+5)*
But, this should start with ' and end with b So, the regular expression can be witien as
ala+b)*b

Hierarchy of Evaluation of Regular Expressions

We follow the following order when we evaluate a regular expression.
Parenthesis

Kleeneclosure

Concatenation

Union.

e e

Example 1: Consider the regular expression (a + b)* aab and describe the all words represented
by this.
Solution :
(a+b)*aab ={Allwordsover {a,b}}aa (Evaluating (a + b) * first)
= {e.a,b,aa,bb,ab,ba,aaa ..} aab
= {All words over {a, b} endinginaab}

Example 2: Consider the regular expression (a * +5*) * and explain it

Solution : We evaluate o * and p * firstthen (a * +5%) *.
(a* +5*) * =(All the words over {a} +allthe words over {5} )*
=({caaa,...} or {&b,bb,...})*
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=({s a,b,aa,bb,...})*

= {ca,b,aa, bb, ab, ba, aaa, bbb, abb, baa, aabb,
= {All the words over {a, b} }

=(@+h)*

So, (a* +b9)* = (a+ b) *

3.3 IDENTITIES FOR REs

‘The two regular expressions P and Q arc equivalent ( denoted as P = Q ) if and only if P
represents the same set of strings as Q does. For showing this equivalence of regular expressions
we need to show some identities of regular expressions.

LetP, Qand R are regular expressions then the identity rules are as given below

2.

3.

4.

5

6.

b

8.

9.

10. (P+Q)R=PR+OR

n (P+Q) =(PQ)=(P'+Q)
12 R'(e+R)=(c +R)R' =R"
1. (R+e)

14. c+R =R

15. (PQ) P=P(QP)

16. RR+R=RR

331 Equivalence of two REs

Let us see one important theorem named Arden's Theorem which helps in checking the
equivalence of two regular expressions.
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Arden’s Theorem : Let P and Q be the two regular expressions over the input et 3. The
regular expression Ris givenas

R=Q+RP
‘Which hasaunique solutionas R = OP"

Proof : Let, Pand Q are two regular expressions over the input sring . .
IfP does not contain e then there exists R such that
R=Q+RP )
‘We will replace R by QP* in equation 1.
ConsiderR. H. S. of equation 1.
=Q+QP'P
~0(= +P'P)
g v etR'R=R"
Thus R=0QP"
is proved. To prove that R = OP"is a unique solution, we will now replace L.FLS. of equation 1
by Q+RP. Thenit becomes
Q+RP
‘But again R can be replaced by Q + RP.
Q+RP=Q+(Q+RP)P
=0+QP+RP*
Againreplace R by Q+RP.
=Q+QP+(Q+RP)P*
=Q+0P+QP +RP
Thusif we go on replacing R by Q+ RP then we get,
Q+RP=0Q+0P+QP +....+0P' + RP"
= (€ 4P+ P 4. P) + RP™
From equation 1,
R=Q(e P+ P 4ot P+ RP o)
Where i=0
Considerequation2,

R=Q(e+P+P 4ot P)+ RP™

R=QP' +RP"
Le{wbeasmngoﬂengthl
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In gp* has no string of less than i + 1 length. Hence wisnotinset gp+. Hence R and QP
represent the same set. Hence itis proved that

R=Q + RP hasa unique solution.
R=QP".

Example 1 : Prove (1+00%1)+(1+00* )(0+ 10*1)*(0+10%1)=0*1(0+10* )*
Solution : Letus solve L.H.S. first,

(1+00%1) + (1+00*1)(0+10*1)* (0 + 10%1)

We will take (1+00*1) asa common factor

(€ +(0+10*1*(0 +10*1))

14+00%1 = ———

(e+R*R) where R=(0+10%1)
Asweknow, (€ +R* R) = (¢ +RR*) = R*
2 (14+00*1) ((0+10*1)*) outof this consider

{+00%D) g qgepys

Taking 1 as a common factor
(+00%)1(0 +10*1)*
Applying e +00%=0*
0*1(0+10#1)*
=R.H.S.
Hence the two regular expressionsare equivalent.

Example 2 : Show that (0*1%)*=(0+1)*

Solution : Consider L. H. S.
—* 1+
=(£.0,00,L11111,01,10,...0.}
= {any combination of 's, any combination of I's,any combination of
Oand 1}
Similarly,
RHS.
=(0+D*
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={€,0,00,1,11,111,01,10,

={ e, any combination of 0's, any combination of I's, any combination of

Oand1}

Hence, L.H.S.=R.H.S. is proved.

3.4 RELATIONSHIP BETWEEN FA AND RE

There is aclose relationship betweena finite automata and the regular expression we can show

thisrelationin below figure.
Canbe | Regilar Canbe
Converted expression convertedto
Deterministic
finite
automata
Canbe Canbe
converted convertedto
NFAwithout

< moves

FIGURE : Relationship between FAand regular expression
The above figure shows that it is convenient to convert the regular expressionto NFAwith e
moves. Let us see the theorem based on this conversion.

3.5 CONSTRUCTING FAFOR A GIVEN REs
Theorem 1 beareguiar expression then there exists a NFAWh e -moves, which acospts Z(r)
Proof: First we will discuss the construction of NFA. jf with e - moves for regular expression
 and then we prove that L(M) = L(r).

Let » bethe regular expression over the alphabet 3 .

Construction of NFA with ¢ - moves

Case1:
® r=t
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NFA M = ({s, £}, { }8, s, {f}) as shownin Figurel (a)
(Nopath from initial state s to
s
reach the final state £)
Figure 1 (a)

@ r=c

NFA M = ({s},{ },8, s, {s)) as shownin Figure 1 (b)

@ (The nitial state s the final tate)

Figure 1 (b)
@) r = a,foralla ez,
NFA M = ({s, }, 58,5, {f})
a (Onepathis there from initial state s
C @ toreach the final state fwith label @)
Figure 1 (c)
Case2: |r|=z1

Let r; and 1, be the tworegular expressions over %, %, and N, and N, are two NFA for
1 and r, respectively as shown in Figure 2 a).

() m @ LN =n
B # (vwom

Figure 2 (a) NFAfor regular expression 7 and r,
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Rule 1 : For constructingNFA 1/ for r=r, +r, 011 U 1y
Letsand / are the starting state and final state respectively of 7.
Transition diagram of  isshown in Figure2 (b).

Figure 2 (b) NFAfor regular expression r, + 1,
LM) =eL(N)eore (N e
=L(N,) or L(N,) =norn
So,r=ntn
M = (0%, U I,,8,s, {f}), where O containsall the states of N, and ;.

Rule 2 : For regular expression v = r;r,,NFA s shown in Figure2 (0).

Q@0

Figure 2 (c) NFAfor regular expression rr,
The final state (s) of N, is merged with initial state of N, into one state [£,S,] as shown

above in Figure2 (c).
L(M) = LN,) followed L(N)

= LV LN = iy

So,r =1

M = (0,3, U L,,8,5, (F)), where O containsall the states of N, and N, such
that final state(s) of IV, is merged with initial state of N, .
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Rule 3 : For regular expression r = 17 ,NFA py is shown in Figure2 (d)

Figure 2 (d) NFAfor regular expression for 5"
€ LIVILLND LNDLNDLNDL(N) 3
= L)

L(M)

M =({5,/}V0Q,X,8,5/}) ,where 0, isthesetof statesof N,.

Rule 4 For construction of NFA Mfor » = 7, Mis shown in Figure2 (¢).

Figure 2(e) NFA for regular expression for »*
L(M) = {L(N),LINDL(N)LL(N LN DL(N,), -}
= LNy =w
M =({s,f}V 0,.2,.8,5,{f}), where Q, isthesetofstatesof N,.

Example 1 : Construct NFA for the regular expression a + ba *.

Solution : The regular expression
7 =a-+ba* canbebrokeninto 1, and , as
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Letus draw the NFA for r,, whichis very simple.

Stat . a °>

FIGURE 1: For 1,

Now, we will gofor

.o, this can be broken into 7, and r, where r, =b and 7, = a*.Now

the case for concatenation will be applied. The NFAwill look like this r, will be shown infigure2.

FIGURE 2: For r,

and 7, will be shown as

FIGURE 3 : For

The r, willbe 1, =r,,

FIGURE 4 : For 1,
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Now, we will draw NFAfor r =7, +r, i.c. a+ba*

FIGURE 5: NFAfor r=r,+7, i.¢. a+ba*
Example 2 : Construct NFAwith ¢ moves for the regular expression (0+1)*.

Solution : The NFA will be constructed step by step by breaking regular expression into small
regular expressions.
K= +1)

where 1, =0, r,=

NFAfor  will be Start ° o @
o

NFAfor 7, will be Start ° i @

NEA for », will be
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3

onstruct NFAfor the language having odd number of one's over the set X = {1} .

Example

Solution : Inthis problem language L is given, we have to irst convert tto regular expression. The
r.e. for this Lis written as re. =1 (11 )"
The is now written as

NFAfor

NFAfor r,= (11)*
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‘The final NFA is

Example 4 : Construct NFA for ther. e. (01+2%)0

Solution : Let us design NFA for the regular expression by dividing the expression into smaller

units
r=(r+n)r,
where =01, r, =2* and 1, =0

The NFA for r,will be.

The NFAfor r, will be

The NFA for r, will be
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The final NFA will be

Example 5 : Obtain an NFAwhich accepts strings of a's and b's starting with the string ab.
Solution : The regular expression corresponding to this languageis ab (a+b) *.

Step 1 : The machine to accept'a' is shown below.
—@0
Step2: Themachine toaccept b'is shown below.

Step 3: The machine to accept (a-+b ) is shown below.
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Stop 5: Themachine to acceptab s shown below:

Step 6 : The machine to accept ab (a+b)* is shown below.

FIGURE : To accept the language ( ab (a+b)*)
Example 6: Obtain an NFA for the regular expression ' 4 5" 4 ¢*
Solution :

‘The machine corresponding the regular expression a* can be written as
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‘The machine corresponding the regular expression c* can be writien as

FIGURE: To accept the language (a’ + 5" +¢*)
Example 7 : Obtain an NFAfor the regular expression (a+b)* aa(a+b)*

Solution :

Step 1 : The machine to accept (a+b)is shown below.
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Step 2 : The machine to accept (a+b)* is shown below.

Step 3 : The machine to accept aa is shown below.

Step 4 : The machine to accept aa(a+b)* is shown below .

FIGURE : NFAto accept (a+b)*aa (a+b)*
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Example 8 : Construction of DFA equivalent to a regular expression (0-+1)*(00-+1D(0+1)*
and also find the reduced DFA.

Solution : Given regular expressionis (0+1)*(00+1)(0+1)*

Step 11 (Construction of transition graph for NFAwithout ¢ —moves).
First ofall construct the transition graph with ¢ using the construction rules

st . @1y U+ 01 @

@
FIGURE: NFA for the given Regular Expression

Transition graph for NFA without ¢ movesis

0.1

FIGURE : NFAwithout ¢ - moves.
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Step 2: We construct the transition table for NFA as givenin below table :

0 1
-4, {90 9.} {409}
. A -
4. & a3

g} g}

FIGURE: NFA Transition Table

Step 3: Construct DFA table for NFA.

Tnput
States 0 1
- {4} {94} {aa.}
{95 .} {902 9.9,3 {94}
{9045} {90 4:} {90964}
{9.,9..9,} {20.969,}
{40004} @0g00,}

FIGURE: DFA Transition Table

‘The state diagram for the successor able s the required DFA as shown in below figure .

FIGURE: Required DFA for Regular expression (0+1)*(00+11)(0+1)*

3.23
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As g, isthe only final state Of NFA, {4, 4,»,} and {d,, ..} are the final sates of DFA.

Reduce the Number of States of above DFA

Astherows correspondingto {d,. 4. 4, and { gy, 9., ¢, are identical and delete the last row
{40909} -

l Tnput
_ States 0 1 _
- [ [
@ as} [CAC XA 1909}
{ava} {ana} os6: 1}
40,99} {90,993 02645}

FIGURE : Reduced Transition Table of DFA

‘The reduced DFA transition diagramis ,

FIGURE : Reduced DFA for Regular Expression (0+1)*(00+1)(0+1D*
3.6 CONVERSION OF FATO RE

Theorem : If Lis accepted by a DFA, then L is denoted by a regular expression.

Proof : Let Lbe the set accepted by the DFA,
M =),z 9n}:2:8,1F)
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Let R, denote the set ofall strings x such that 8(g,.) =¢, andif 5(g;,) =g, foranyy thatisa
prefix (initial ssgment) of x, other than xor e then 1<k ,i.., R, isthe setofall strings thattake

the finite automaton from state g, to state g, without going through any state numbered higher
thank.
R, canbe defined recursivelyas,

R= RO (RE) RS R

(O]

{ald(g.a)=q}vita ifi=j
Toshow that for eachi,  and, there exists aregular expression ! denoting the language

., by applying induction on’k.
Basis Step :
If (k=0), R} isafinite set of strings each of which s either e ora single symbol.

. {(ﬂ/5<q.,ﬂ)=ll, yiej
2

7, can be expressed as,

=5
Where, {a,,d,....,} is the setof all symbols a'such that 8(g,,a) =q,.

F =, b0, (08 1y = 0,4 8, st € f

Ifthere are no such s, then ¢ (or e in the case
Induction :
‘The recursive formula for K, given in (1) clearly involves only the regular expression operators.

By induction hypothesis, for each 1 and m, aregular expression rf; such that,

)servesas r!.

Ll Rl

o =) i) et

‘Which completes the induction.

To complete proofobserve that £(4) = U, &5

Since ], denotes the labels of all paths from g, t0 ,..
». L(M) is denoted by regular expression,
LM)=r, +r, +1,

Where, F={q,,q,,..4,}




image26.jpeg
3.26 FORMAL LANGUAGES AND AUTOMATATHEORY

Example 1: Write equivalent regular expression for the following deterministic finite automaton.
1 o

3
=30

Solution : Atable is constructed as shown in below Table (K starts from 0 to number of states.
inthe design) and the entries are calculated according to theorem.

| k=0 k=1 |
n I+e (+e)*
” 0 o1+
" 1 11
A4 Ore 11%0+0+ €

o _[lald@g.a)=a} ¥i*]
7! values are calculated as, 7 =

“tassta.0=q} #izi

1:6(40,0) = , notsatisfying above condition
(g0 = 4o satisfying above conditionand e is default added because i =] condition.

=l+e

r3i65(g,,0) = g, satisfying condition (it ))
8(g.1) = g, ot satisfying condition
2=0
756 (q1.0) = g, notsatisfying
5(gy1) = g, satisfying condition
Ry}
5:5(q,,0) = g, satisfying condition

L =0rel

7'+ Where k= I we have to apply,
= () (7)o

ro=rt () () o i
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Considering values from table (k=0),
R=+ 90+ 9*(1+ & U (l+ 9

Applying  (errt)y=r*
Sl e(HOr I +e)
=(+9 1+ 9* (o (1+eh)=1%)
=(+91¥
() b2 ()
=1+ 9 (1+ 9*0+0
=0((1+ O (14 *+ &) (redrrt=r)
(1+9*
i
()6 () 2)

=1(1+e)*1+e)+1

n

i

() () () © ()
=1(1+ %0+ (0+ &)
=11*0+0+ e

Now the complete consiruction of regular expression i, n the given FA the starting state s g,

and final tate g,. Write expressing from starting to allfinal states by taking k as total mumber of
states.

r;, isfinal term to construct regular expression.

= () G ) o )
=0 15 (11%0+0+ 9* (1140404 9 +01%
S0 1% (L1%0404 ©* 117040+ &) 4 &)
=01% (11%040+ * (0 earrr=pe)
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Example 2: Construct the reguler expression for the finite automata given in below figure.

Solution :

Inabovetable, we have calculated the values as 7, will indicate the st of all the input string from

4,10 q,.1fi=j thenwe add < with the input tring. If 1% jand there is no path from g, t0 g,
then weadd ¢.

Letus compute 7

0. Thereisno path from g, to ¢,buti=j.Soweadd ¢ inthek=0

columnat r{ row.
iy
ri = Theinput from g,t0q,
=0
7% =Noinput from g,tog, and i j

Soweadd ¢ over there.

7 =Noinput from g0, ,sincei=j .
We will add e.

Letus build the table when |
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k=1
Computation Regular
Expression
n
.
() () +ri
=e(e)*(e)+e
=€
7% r=n ()t () +rs
rh=e (&) ©)+0 0
—c0+0
=040
=0
L j=Lk=1
" n=r () () + ()
=pEPrets ]
=g+g ~ge=¢
-4
i=2,j=2,k=1
o = () () 47
=4E)* (01 €
B

=e
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Now let us compute for final state, which denotes the regular expression.
 will be computed, because there are total 2 states and final state is g, whose startstateis g,
=l ok )
=0(e)*(€)+0
=0+0
72 =0 whichisa final regular expression.

3.6.1 Arden’s Method for Converting DFA to RE

As we have seen the Arden's theorem is useful for checking the equivalence of two regular
expressions, we will also see its use in conversion of DFA to RE.

Following algorithm is used to build the . e. from given DFA.

Let g, betheinitial state.

Thereareq,, 4,:4:,445-4n number of states. The final state may be some g, where j <n
Let o, represents the transition from g, 10.4,-

Calculate g, such that

Bw o=

g=0,4,
If g, isastart state
g =g
5. Similarly compute the final state which ultimately gives the regular expressiont.

Example 1 : Construct RE for the given DFA.

Solution :

Since there is only one state in the finite automata letus solve for g, only.
90 =G00+ o<
=900+ D+
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=e.(0+1)* “R=0Q+RP
4:=(0+D*

Since g, is final state, g, represents the final . ¢. as
r=(0+1)%.

Example 2 : Construct RE for the given DFA.

Solution : Letus build the regular expression for cach state.

4 =g0+e

D=l +aql

0 =q0+q,(0+1)
Since final states are g, and g,, we are interested in solving g, and g, only.
Letussee g, first

Qo =+4,0

Whichis  R=Q-+R P equivalent so we can write
%=cO"
ge=0*-eR=R

Substituting this value into g, , we will get
@ =0*1+gq1
@ =0*1()* “R=Q+RP= QP *
‘The regular expressionis given by
T=q0+q,
=0%40%1.1%
r=0%+0% I' b2 2 il

*
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Example 3 : Construct RE for the DFAgiven in below figure.

Solution : Letus see the equations
w=ql+g0+e
=400
B=a!
2= a0+l +4,0+])

Letus solve g, first,
g =il + 9,0+ €
0= a,01+ 510+ €
4o =001 +10)+& ~R=Q+RP
go=c(01+10)* = QP* where
4o =01+10)% R=gy0=€,P=(01+10)

Thusthe regular expression will be
r=(01+10)*
Since g, isa final state, we are interested in g, only.

Example 4 : Find out the regular expression from given DFA.
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After going through this chapter, you should be able to understand :

Regular sets and Regular Expressions
Identity Rules

Constructing FAfor a given REs
Conversion of FAto REs.

Pumping Lemma of Regular sets

Closure properties of Regular sets

3.1 REGULAR SETS

A special class of sets of words over S, called regular sets, s defined recursively as follows.
(Kleene proves that any sct recognized by an FSM is regular. Conversely, every regular set can
berecognized by some FSM.)

1. Bvery finite set of words over S (including e, the empty sct ) is aregular set.

2. If Aand Bare regularsets over S, then 4 3 and AB are also regular.

3. IfSisaregularsetover, then soisits closure S*.

4. Nosetisregularunlessit s obtained bya finite numberof applications of efinitions (1) to 3).

i, the class of regular sets over S is the smallest class containing all finite sets of words over S
and closed under union, concatenation and star operation.

Examples:

=

Let X ={a,5} then the set of strings that contain both odd number of a's and bis is
regularset.

i) Let = ={0} thenthesetof strings {0,00,000 ,....} is aregularset.

i) Let £ = {0,1) then the setof strings {01,10 } isaregular set.
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Solution : Let us solve the DFA by writing the regular expression, for each state .

9=4,0+g,0+¢ - Initial state

G =q1+g,14,1
@©=q0

For getting ther. . we have to solve g, the final state.

4 =911+q01+ g5l
4 =4,(1+01) +.gy1

We will compare R = Q + R P with above equation, so R=g,,0=g,1, P
ultimately getsreduced to QP*.

@ =ql0+0D*

+01) which

Substituting this value to g,
90 =q0+,0+ €
=400+4,00+ <
=,0+4,(1(1+01)*)00+ ¢
90=,(0+1(1+01) ¥00)+ &
Again R=0+RP
Where R=g,
0=¢
P=0+101+01)*00
Hence g =€.[0+ p(1+01)*.00]*

20 =[0+101+01)*.00]* e R =R

Example 5 : Construct the regular expression for following DFA.
01

o1

Solution : We can get the regular expression from state g, . Let us see the equation of each
state.
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=€
4,=01+4,0+4,1+4,0
4,=9,1+4,0

Putting valueof g, in g,
g =e e 0+g,0+1)
@ =0+0)+q,(0+1)
Nowsolve g,
,=(1+0)g,
=(+0) [(1+0) +4,(1+0))
4,=(+0).(+0)+g,(1+0) (1+0)

Here R=q,, Q=(1+0) (1+0), P=(1+0)(1+0)
,=(1+0) (1+0) [(1+0) (1+0)]* isaregular expression.

Example 6 : Give the regular expression of following DFA.

For given DFA we can write the equation
4 =000+ 0+ & (D)
4,=q,1+g1 —A2)

Bytheorem R = Q+RP we get R =QP*
R=g,
Q=4
P=1
a=g1*
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Asweknow R = RR" We canalso write

a=gol"

Letus putvalue of g,in equation (1)
90=940+ 5104 &
90=4s(0+170)+ &

Again we will apply R = Q + RP gives QP*
R=g,
0=e
P=0+1'0
o= €(0+1°0)"
20=0+10)" wRe=cR=R

Inthe given DFA, g, isafinal state the equation computed forstate g, will be regular expression.
Hencer. e. for above DFAs
re.=(0+1°0)

3.7 REGULAR AND NON - REGULAR LANGUAGES

‘The languages accepted by finite automata are described by regular expressions. So to provea
language is accepted by finite automatait s sufficient to prove the regular expression of that
language s accepted by finite automata,

‘The languages which are accepted by some finite automata are called regular languages. Here it
means that the FA accepts only the words of this language and does not accept any word
outsideit.

1. Some ofthe words of the language are not accepted by FA.
(on)
2. Allthe words of the language are accepted in addition to that some extra strings arealso
accepted.

Alllanguages are cither regular or non regular, none of the languages are both.
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3.2 REGULAR EXPRESSIONS

‘The languages accepted by FA are regular languages and these languages are easily described
by simple expressions called regular expressions. We have some algebraic notations totepresent
the regular expressions.

Regular expressions are means to represent certain sets of strings in some algebraic
manner and regular expressions describe the language accepted by F4.

If 5 is analphabet then regular expression(s) over this can be described by following rules.

1. Anysymbol from ¢ and ¢ are regular expressions.

2. 1f 7, and , are two regular expressions then union of these represented as r; U r, or
1 + 1, isalsoaregularexpression

3. 17 and 7, aretwo regular expressions then concatenation of these represented s i, is

alsoa regularexpression.
4. TheKleene closure of aregular expression is denoted by  + isalsoa regular expression.

Ifrisaregular expression then () isalsoaregular expression.

6. Theregular expressions obtained by applyingrules 1 to 5 once o more than once arealso
regularexpressions.

Examples :

(1) IS = {a,},then

(@) aisaregular expression (Usingnile 1)
(b) bisarcgularexpression (Usingrule1)
(©) a + b isaregularexpression (Usingrule2)
(@ b+ isaregularexpression (Usingruled)
(© ab isarcgular expression (Usingrule3)
() ab + b+ isaregularexpression (Usingrule6)

(2) Find regular expression for the following
(@) Alanguage consists of al the words over {a, b} endingin .

(b) Alanguage consists of all the words over {a, b} endingin pp.

(¢) Alanguage consists ofallthe words over {a, b} starting with aand ending nb.
(@ Alanguage consists ofall the words over {a, 5} having pp a5 asubstring.

(¢) Alanguage consists of all the words over {a, b} ending inaab.

Solution :Let 2={a,b},and

Allthewordsover £ = {e, a, b, aa, b, ab, ba, aaa, .

=Z*or(@+h*or@ub)*
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By looking at some of the languages we can say whether they are regularor not.

i) The languages whose words need some sort of comparison can never beregular.

Example : L= {a"b',n20}

Here the number of a's must be equal to number of b for each s’ we check the existence of b
‘which cannot be done using FA.

) The languages whose words are in arithmetic progression and need o comparisons wl be:
regular

Example : 1.L={a", n21}

The words of this language arc , aa, aaaa, aaaaad, ..., a* whicharein A Pwith period 2.
Henceitisa regular language.
2.L={a’, p is prime}
‘The words of this language are. {a,aa aaa ,aaaaaaa ...a”} - We can see these words
are notinA.P. Hence tis not regular.

In this section, we will discuss how to prove that certain language is not regular
(non - regular) language. Pumping Lemmais a useful tool to prove that a certain language s not
regularlanguage.

Since, the number of states inaFA s finite, say itis n  for some fixed value of n), and then it can
recognize all the words of length less than n without any loop. Suppose, aregular language L has
infinite number of words and the length of these words may or may not be equal to n. So, how
cana FA recognize the L? A FA can recognize L having some loop(s) and whenever the length
of a given word is greater than or equal to n. So, we conclude that the loop in FA makes it able
to accept those strings, which have length greater than or equal to its total number of states.

Whenastring 2 hasbigger length (greater than number of tates in FA) then we bre thisstring
into three parts, say u, v (v should not be null string), and w. Let FA has loop for v, and

z=unweL isaccepted by FA.

So, z=ww fori =01, .. is also accepted by FA having some loop for v. This is the main
concept, used in Pumping Lemma.
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‘Now, consider aregular language L =2*b and corresponding FA shown in below figure.

B:®

‘We see the list of accepted strings given below :
b, ab, asb, aaab, ...

Let u=€v=a(y should notbe ¢ ), andw=b, then o' i.c. z=w'wforsomei=0,1,...is
accepted by FA. Now, we have good base to discuss the Pumping Lemma.

38 Pumping Lemma for Regular Sets
‘Pumping Lemmais useful because

1. Ttgives amethod for pumping (gencrating) many substrings from a given string. In other
words, we say, it provides means to break a given long input string into several substrings.

2. It gives necessary condition(s) o prove aset of strings is ot regular.

Theorem :
Let M = (0, %, 8, qy, F) be a DFA having n states. M recognizes the language L. Along string

ze L suchthat |z|2n and z=uvw,where v #€ ,then WWEL for j > 0

Proof :
o recognizes 7 and 7 isaregularset.If 2 € L suchthat w=uvw. Here vis optional in z
and || = n , where » is the number of states in DFA.

Consider following DEA shown in below figure.

U188, WS Gh el
FIGURE : DFA foruy'w
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Let 2 = a,a,05...a,a,,

gl

Where u = @,a,@5..a,¥ = @4y A0 W= 8y

Thelengthof z is m and s > ».Itmeans, when s > n, tindicates thatthere is some loop in
wansition disgran o 7. Letv is the string obtained from the cdges involved inlooping as
showminabove figure.

Case 1 : When z=uv’w=uw for j = 0, itmeans, u» isaccepted and = & L .

Case2: z = uv'w for j > 1.itmeans that control of DFA s goes ; - times into the loop
withlabel v and 'y is accepted by M.
So, forall values of j > 0, z = uy'w isaccepted by M

Hence, the statement ofthe theorem is proved.

Application of Pumping Lemma
Pumping Lemmais used to prove certain sefs are not regular sets. This s doneas follows :
Step 1 : We assume that given set is regular and accepted by DFA 7 baving » states.
Step2: Chooseastring z suchthat |z| 2 n and use Pumping Lemma to write z =uv'w
foriz0vee ,and [ww|sn.

Step 3 Findasuitable integer  such that yyhy ¢ £, and this contradicts our assumption made
in step 1 and hence L is ot regular.

Example 1 : Prove that L = {a"b" :n = 1} is notregular.

Solution : In given language the number of ¢ s is equal to the number of j . Thisis the one
clueto find the contradiction.

Step1: Let 1 isregular and accepted by DFA Af with n states.

Step 2 : String ; ¢ £ such that |z]= n and z—uy'we for i=0yv¢e, and

iow [
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Step 3 : Selecting substring v

a’ b7 ab® for p,q = 0
Let z=wv'w forj = ¢

Case1: When y = 47, then
z=a""Pp"
Numberof a' s

- pyandmumberof s = 5
Numberof ¢ s =Numberof s ifand onlyif p = 0 and numberof ¢ 5 and p' g ismot
equal when p > 0.

So,for p >0, z = uyiwe L

Case2: When y = ¢, then

2=a""1

Numberof 5 = »,and numberof b's = n - ¢

Number of ¢/ s = Number of 4 ifand onlyif ¢ = 0 and number of ¢ s and ' s is ot
equal when g > 0.

So,forg > 0, z=w'wel.

Case3: When y = g2p¢ , then  — g=-rjr-s
Numberof a's = - p, and number of 5' s :
Numberof 4 s ~ Numberof p' s ifand onlyif g = p

Soforp#4q, z=uw'wel
Since, we get contradiction in all the cases, therefore 1, isnot regular.
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Example 2 : Show that L ={a’b"[n =0} is not regular.
Solution :

Step 1 - LetLis regularand n be the number ofstates in FA. Consider thessiring = = 4" -
Step 2 :Note that|z}=2n and s greater than . So, we can split into uvw such that wf<n and

v} 1 as shown below. . .
e

z = gaaaaa , a bbbbbbb

e, b,

‘where |uj=n~1and |v|=1 so that juv|={@g+{v|=n—-1+1=n and [w|=n. According to pumping

lemma, ooy e Ori=0,1,2,

Step3:Ifiis 0i.e.doesnot appear and sothe number of a's will be less than the number

ofbis and so the string w does ot contain some number of as followed by same number of b's

(equal to that of a's)

Similarly, ifi =2, 3,.., then number of a's will be more than the number of bs and so mumber of

a's followed by equal number of bs does not exist. But, according to pumping lemma, n number

of s should be followed by n number ofb's which s a contradiction to the assumption that the

language s regular. So, the language Lis not regular.

Example 3: Prove that , = {a” :i 21} is not regular

Solution :
Method -| ( Using Pumping Lemma for regular ses)
InL, all words have their lengths in perfect square and this s the clue for proving non - egular:

Step 1 : Let L be regular and accepted by DFAM withn states.

Step 2: String : ¢ 1 suchthat |zjzn and = niwe [ for i20,y €, let|z |- n* 2n,and
uwign, (nis the mumber of states).

Step 3 : Since, lengthof v cannotexceed n (the number of states), it means, [ vi<n -
Leti=2,50 z=uwe L, and
|zl +lv= 4 lv]
S0, n? <lzl< n® (Since, [v]<n)
O, w? <) zfg nt4 n(n+1) (Addingn+ 1 to make perfect square)




