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1.2 FORMAL LANGUAGES AND AUTOMATA THEORY

Length of a string

The length of a string is the number of symbols inthat string. If w is a string then its length
isdenoted by | w]|.

Example :

1. w=abed , then length of w is | w|= 4
2. n=o010 isastring,then|n|= 3
3. ¢ isthe empty string and has length zero.

The set of strings of length K K > 1)

Let 5 beanalphabetand X = {a, b}, thenall strings oflength K (K > 1) is denoted by K.
X ={w:wisastring of length K, K > 1}

Example:

1. T ={ab},then
3! = {a,b},
2% ={aa,ab, ba,bb},
3= {aaa,aab,aba,abb baa, bab,bba,bbb}
[ == 2 = 2' (Number of strings of length one),
| 2% = 4 = 2% (Number of strings of length two), and
| =% = 8 = 2% (Number of strings of length three)
2. §={0,1,2} ,then §? = {00,01,02,11, 10,12,22,20,21} ,and | §%|= 9 = 3

Concatenation of strings

If w; and w, are two strings then concatenation of w, with w, is a string and it is denoted by

ww, . In other words, we can say that w, is followed by w, and | wyw,| = w,| + | w|.
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Tt means, L(M,) < L(M) @
Now, let w is accepted by NFA M, if and only if &, (s, w) =", (q,,w)=4,.4, €F; and by
construction definition 5, = 8, s =g,, F,= F and 8", isindirect transition function for NFA.

So, for DFA M 8'(q,, w) =4,,4, € F ( &' isindirect transition function )

Thus, DFA M also accepts w.
Hence , M(L) < L(M,) @
Therefore, all DFA are NFA. (From (1) and (2))

Example : LetaDFA M =(0, 3, 8, q,, F) as shownin below figure . Find an equivalent NFA.

FIGURE:DFA

Solution :

Letequivalent NFA M, =(Q,,2,8,.q0,F,) Where O, ={q¢,41,42,93:94}-2={a,b} ,
F,={qs» 4.}> 8, isdefined below.

a b
-4 9 a4,
Uil L8 -
9 - a4
g '3
94 94
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Theorem 1.3.2 : If there is a NFA M, then there exists equivalence DFA M, that has
equal string recognizing power.

Proof : ‘While discussing the proof, we will concentrate on two things :
1. Howto construct the equivalent DFA ? And
2. The acceptability should be same for both.

Step 1 : Construction of the equivalent DFA Jz, from given NFA M

In'NFA, zero, one or more next states are possible ona particular input. ‘When we have more
than one next state then we group all next states intoone as [ g,, ¢, ¢, ] and we call it one next
state for equivalent DFA.

Let M =(Q, 3,5, q,,F) bethe givenNFAand M, =(Q,, Z,5,, 5, /) be the equivalent DFA,

. 9gc2° (p¢ isthe power set of the set Q.),
2. 'y issame forboth,
3. s=[g,] isinitial state for M,,
4. F, <29 suchthat each member of F, has atleast one final state fromF.
5. 8, is constructed as follows :
Let w=a € ¥ and

If for given NFA M : 8(gy, @) ={ 1> Qys wroreeereens q,},then
Forequivalent DFA M, : 8,({4o]: @) =[5 Qa5 oonerees 4,1
And

If for NFA M: 8({qs» Gas-orrves G } s @) = {15 g5 -5 4 } > then
For equivalent DFA M, : 8, ([, Ga» e Gn 1> @) = [d15 925 > D 1

Note: [g,, g,......» g, ] denotesasingle state for equivalent DFA.
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Step 2 : The acceptability of DFAand NFA

We use the mathematical induction method to prove that L(M) ¢ L(M,) and L(M,) € L(M)
forallinput strings w € 2" .

Case1 :Let |w|=0,itmeans, w=¢€ (Null string)
Let wis accepted by NFAM if and only if
5(qo,€)= g, -and g, € F (Starting state is final state).
So, the initial state of DFA will be the final state, hence w=e isaccepted by DFA also.

Case 2 : Let |w|=1and w=aeX is accepted by NFA M, then for NFA
M :8(qs, @) = {Gus Gas-rrr @y > 304 {Gy5 @55 eees @, } has at least one final state, then by
constructive proof of equivalent DFA M, :

8,([4): @) =[4i» dar--rs 4, 1 80 [g;, Gysonnr 4, ] has at least one final state, 0 [g,, Gasevers 4, ]
is a final state for equivalent DFA A, .

Therefore, the equivalent DFA M, also accepts w=a.

Case 3 : Suppose|w|=nand w =a,a,...a, isaccepted by bothMand M, and
ForNFA M : 8'(qo,@G30-p) = {d1,825-sq s} » @0
Forequivalent DFA M,: &', =((q,], @@, a,) =[ 1: 92> > Gn]

Case4:Let|w|=n+landw=yb

Where |y| =7,y = a,a,...a, and y,b X" is accepted by NFAM Ifand only if
For NFA M:8' (g, @agerrrs @)= 8 ({d1sGsreeves Gu}> ) = {@1s@aserees T}
({4,,9,»---4,} hasatleast one final state from the set F ).
By constructive proof of equivalent DFA M,
8, ([4o]> @azeeen: @, B)=8, ([G1sGsees €u)s B) =[41582500005 q,]
(4,5455-+s 4,) contains one final state from F, thus it is a final state for equivalent DFA M, .
Therefore , M, also accepts the string w=yb.
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(&', & are indirect transition functions for NFAM and DFA. M, respectively.)

It has been proved that if NFA M accepts w then DFA M, also accepts w for any arbitrary
string w.
Thus, L(M,) c L(M). 6]

Similarly, we can prove that if equivalent DFA M, accepts any string w e =*, then NFA also
acceptsit.

Thus, M(L) < L(M,). ¥)
Hence, the statement of Theorem 1.3.2 istrue. (From (1) and (2))

Example 1 : Consider a NFAshown in below figure. Find equivalent DFA.

B0

FIGURE : Non - deterministic finite Automata

Solution : Let given NFA M=(Q,%,38, ¢, F) and equivalent DFA
M, =(Q,,%,6,,[q,). F;) » where QO ={4,,41.4,,9 s}, Z={a,b}, s is starting state,
F={q,},and g is defined as follows :

q, b
>4 {9001} {20}
a0 - {4.}
% - {a,3

3, isdefined as follows :
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1. Keep the first row of NFA as it is with square bracket as follows :
| a b

[g0:011 [g.]

[4.]

2. Now, we have two states : [g,1[qo.g;]- We select the one next state that is not a present
state till now and define the transition for it. We have only one next state [gy,g; ], Whichisnot

apresent state .
a b
-lg] (90,711 [90]
[90:a:1 [q0,a:] [90592)

Since, 51([‘10,‘11];a)=[‘5(‘10’a)U5(Q1,a)]:[{QU:ql}U¢] =[q0,%]’and
5,(905911:0)=18(g,6)08 (q,:0)1=[{g0 {42 }1-90502 D)

3. Now [gy.g,] is the next selected state, because [g5,;] is defined already

l a b
—la) (90,411 [90]
(90,1 [90.a1] [90-221
(90,921 (90211 [40 :q/]

4. Now, the state [4o,q;] is the next selected state.

a b
-] [90:01] (9]
[9059] [90:%] [90:221
[90,2,] [q0-] [90:4/1
[90:49/1 [20.21] [g.]

5. Now, we have no new choice of the next state to be considered as present state. This is the
completion of transition table. We have

0,={401:[40:3:1[90-9: 1901} (All selected states in transition ),
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and F,={[4,,9 s I} (Only one final state )

FIGURE : Transition Diagram of equivalent DFA

We see one thing here that not all states of ¢ are selected for transition. We have selected those
states, which are reachable from the initial state only and otherremaining states of 2¢ areneglected.

So, finally we conclude that only those states of 7¢ are considered in transitions, which are
reachable from the initial state.

Example 2 : Construct equivalent DFAfor NFAM = ({p,q.rs}, {0,1}, 5. p.{q, s}), where
§ is given below .

0 1
P {a,s} {a}
@ {r} {a.r}

r {s} {a,r}
® - {p}

Solution : Letequivalent DFAis M, and M, =(Q, Z, 8, [p], F)

Construction of Transition table for equivalent DFA

0 1
- [pl [g. 5] [q]
[q] [r] [a,7]
[g. 5] [r] [p,q.7]
[r] [s] [g,7]
[g,r] [7s] [g,7]
[p,g.7] [g,7.s] [g,7]
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[s] ¢ [p]
[r, s] [s] [p.g.7]
[g.7,5] [r,s] [p.q.7]

Q={Ip), [d], [1], [s], [q1], [, s]. [4. 5], [P, Q7). (@8],
» = {0,1}, [p]isthe starting state,

andF={[ql,[sl. [g.1],[r,5],[a,s).[p,q.r]. [ ¢, 1.8 ]

Example 3 : Find a DFAequivalent to NFA M = ({g,,4,.4,},{0,1}; 6,40,{¢,}) , Where § is defined

as follows .
PS NS
0 1
4, {4041 } {2}
4 {a,} {9.}
- {90> 9, }
Solution : Let M'=(Q, 5, 6, [g,], F) bethe equivalent DFA, where Z = {q, 8} ,and [q,] is
the initial state.
Transition table :
NS
PS 0 1
-] (9, 9,1 [2.]
[4.] ¢ (90 @,]
(905911 (90> 011 [9:> 4.1
(41> 9,1 (4,1 (46 411

0 ={90). 19, 1Id0> 01 1La1-9, 1} » and F={[g,], 9,41}

Transition diagram :

FIGURE : Equivalent DFA
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Example 4 : A NFA which accepts set of strings over { 0, 1 } such that some two zero's are
separated by a string over { 0, 1 } whose length is 4n (n> 0) is shown in below figure . Construct

equivalent DFA,

FIGURE:NFA

Solution: Letequivalent DFA M = (Q,%,5,[q,1,F). constructing transition table for given

NFA:

(NS)
(PS) 0 1
- {aq} -
4, { a9} {g,}
% {a} {g;}
4 {g1} {a1}
4, {a?} {a}

Constructing transition table for equivalent DFA :

(NS)

®S) 0 1

gl [41] ¢

[4:] [ 49,1 [g,]

[g.] [g.] [g.]

[4,] [g.] [g.]

[44] [ql] [ql]
[4.] [e,]





image48.png
1.48 FORMAL LANGUAGES AND AUTOMATA THEORY

Where, Q ={{g,1{9:119:1.19511941.[42:95 }.Z={0:.1},[4,] is starting state, F={(g,,951} and
transition function is defined above.

Transition diagram :

FIGURE : Equivalent DFA

1.5 NFAWITH < - MOVES

1.5.1 Finite automata With < - Transitions

This is same as NFA except we are using a special input symbol called epsilon (&) . Using this
symbol path we can jump to one state to other state without reading any input symbol.

This also analytically indicated as 5 - tuple notation.
N =(0.,2.,6,9,,F)
0 — setofsstatesindesign
¥ —» input alphabet

g, —> initial state
F —s final states (cQ)

5 —» mapping function indicates Qx (Tu{e})—22
Example : Draw a transition diagram of NFAwhich include transitions on the empty input < and

accepts a language consisting of any number a's followed by any number of b's and which in turn
followed by any number of ¢'s.
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Solution : It requires three states g, ¢, and ¢, and they accept any number of a's, b'sand ¢'s
respectively. Assign g, asfinal state.

a b [

To reach from g, to g, and g, fo g, noinput will be giveni. e., they treat < astheirinputand do

the transition.
a b c

AN ATNA

Normally these 's do not appear explicitly in the string.
The transition function for the NFA is shown below :

‘ a b c e
=4, {0} ¢ ] {a,}
@ ¢ {a.:} o {a.}

0 o {a:} o

For example consider the string © =ab ¢

String ® =ab c (i.e., string in actual formis a €5 ec i. e., included along with epsilons).
8(g,5 abc) |- 8(qq, be)
- 8(g,, €bc)
|- 8(g;, be)
- 8(q,, €0)
|- 8(q, ©) |-q,€F

The path is shown below :

R éql ‘9, %q,
with arcs labeled a, € b, €, ¢
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Extension of Transition Function From 5 to §
The extended transition function § maps Ox ' to 2¢. Itis important to compute the set of
states reachable from a given state ¢, using e transitions only for constructing 5-

The - closure (g,) is used to denote the set of all vertices g, such that there is a path from
g, to g, labeled ¢.

Consider the problem ’6 .. ._.. ’.

Here ¢ - closure (g,) = {40’91:Q2’%

8 (4,,9) = e~closure = {4,,9::9,+95 }

- closure (q) is used to denote the set of all states s such that there is a path from q to s for
string o , includes edges labeled e.

Note : The transition on ¢ doesnotallow the NFA to accept Non - regular sets.

Definition : The extended transition function § is defined as follows :

@ 5(g, e = e- closure(q)

(i) For @ in y* and x in .6 (¢,wx)=€ -closure(s), where s = { s | for somerin
5 (g,@)s € 8 (r,x)} & canbe extended § by extension to set of states.
@iy 8 (R.x)=J 8(2:%) and

@) & (Ro)= g 3(g0).
Note : § (g, a) isnotnecessarily equal to 3 (g, ) -

Example : The following NFAwith ¢ transitions accepts input strings with (a's and b's) single a
or a followed by any number of b's.
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The NFA accepts strings a, ab, abbb etc. by using < path between g, and g, we can move
from ¢, stateto g, without reading any input symbol. To accept ab first we are moving from ¢,

to g, teading aand we canjumpto g, state without reading any symbol there we accept band
we are ending with final state so it is accepted.

Equivalence of NFA with - Transitions and NFA without < Transitions

Theorem :Ifthe language L is accepted by an NFAwith c— transitions, then the language L,
is accepted by an NFA without - transitions.

Proof : Consider an NFA N'with ¢ - transitions where N =(Q, Z, 8, g,, F)
Constructan NFA v, without e transitions N, =(0,, Z, 8,, ¢, F})
where @ =Q and

1

P Fu{q,} if e-closure(g,) contains a stateof F
F otherwise

and 8, (¢,a) is § (¢,a) forqinQandain 5.

Consider anon - empty string ¢ . To show by induction | | that §,(g,, ®) = & (g,,®)
For o =e, the above statement is not true. Because

81(g0-€)={40} »
while é:(qo,e)=e —closure (q,)

Basis :

Start induction with string length one .
ie., |o|=1
Then wis asymbol a, and 6, (g, ,a)=5 (gy,a) bydefinitionof 3,.

Induction : lo|>1
Let ® = xy forsymbolain 3.

Then 61(gosxy)=61(61(49:%)¥)
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By inductive hypothesis

8, (90 1) =8 (40, %)
Let 8(g:x)=s
We have to showthat &, (s,)=6 (gg,%)

V) U oA
But 6,(s,3)= 81(g,y)= 6(q.y)
ges qges

then s=3(q0’x)

|

8(q,y) =8 (qq.x)
ges

Byrule(Rule:For @ €3 and x € %, § (¢, wx) = e— closure (),

where s = { s| forsome rin § (g, ®) » s€ 5(r,x)} in the definition of §).

Thus 8, (d0» ¥ ) = 8 (g %) -

To complete the proof we shall show that &' (g,, w) containa state of F'if and only if 8 (g,, %)
contain astate of F. For this two cases arises.

Casel : If ® = &, this statement is true from the definition of F,.

ie, 8,(q9,9={q}
= qo€ F'y

Whenever § (4o, © Is e— closure (g,) , contains a state inF (possiblyis g, ).

Casell : If ® #  then W =xy for some symbol y.
If § (g,, ) contains astate of ¥, = 3, (g,, ) contains some state in F'

Conversely, if 8, (g, w)<F, otherthan g,,=5(g,.@)F -
If 31(90,®) €9, and g, ¢ F ,then

8(g,, ) = - closure (5,(5(go-0)9)),
The state in - closure ( g,) andin Fmustbein 5(g,, ®)-
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Calculation of < - closure :

e-closure of state ( e-closure (q)) defined as it is a set of all vertices p such that there is a
pathfrom q top labelled e (including itself).

Example :
Consider the NFA with ¢ ~moves

{=) 2
e — closure (q0)= {4, q1>93> 93 }
e — closure @)=1{499: g}

e - closure (¢,)={q,, ¢, }
e - closure (g,)= {g, }

Procedure to convert NFA with < moves to NFA without < moves

Let N =(Q, Z.8,q,, F) isaNFAwith ¢ movesthenthereexists N'=(Q,e,5,4,,F") without
€ moves

1. Firstfind e — closure ofall states in the design.
2. Calculate extended transition function using following conversion formulae.
@ 8(g, »)=e- closure (3(3 (g, 9, x))

(li) é’:(q’e )=E - ClOSuIC(q)
3. F'isasetofall states whose e closure contains a final state in F.

Solution : Transition table for given NFAis

] a b e
>4, a ¢ ¢
g o ¢ q,

) 0 0
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(i) Finding < closure :
e—closure (q,) = {g,}
e— closure (¢,)={q,, ¢}
e- closure (g,) ={g,}

(i) Extended Transition function :

5 I a b
—> 4, {91,921 ¢

] {2}
o {42}

8 (94> @) =e —closure (6 (S(qn,e),a))

= e—closure (& (e —closure (q,) , a))
= e—closure (8 (g4, a))

= e—closure (g;)

={4q1,9,}

5 (g, b) =e —closure (& (3 (g0-)b))
=e— closure(5( e—closure (q,), b))
=g~ closure(d (q,, b))
=e- closure($)

=¢

5 (g, a) =e— closure(ﬁ(s (q,5 €) a))
=e— closure(d ( e— closure(q,), a))
=€~ closure(d (9,5 4,), @)
=e— closure(d (g, a) V(q,, a))

=e— closure ()

=9
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5 (4,,b) = e closure (8 (§ (4, ©), b))
= - closure (3 ( e— closure(q,), b))
= e~ closure (8 ((q;, q,), b))
= e~ closure (5 (q,,b) U & (g,,b))

= e- closure (g,)

={q,}

8 (g,, a) = e~ closure (3(5(q,, €), a))
= e— closure (8(e-closure(g,), a))
=e —closure (5(q,,a))

= e— closure ()
=0
5 (4,,5) = e~ closure (8 (8 (g,, ©), b))
= e~ closure (& (e—closure (q,), b))
= e—closure (8 (q,, b))

= e— closure (g,)

={q,}

(iii) Final states are ¢,, g, , because
e— closure (g,) contains final state
e— closure (g,) contains final state

(iv) NFA without € movesis
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Prefix of a string

A string obtained by removing zero or more trailing symbols is called prefix. For example, ifa
String w = abe »then a,ab ,abc areprefixesof w.

Suffix of a string

A string obtained by removing zero or more leading symbols is called suffix. For example, ifa
string w = abc ,then c,bc,abe are suffixes of w.
Astring a is a proper prefix or suffix of a string w ifand only fazw.

Substrings of a string

A string obtained by removing a prefix and a suffix from string w is called substring of w . For
example, ifastring w = abe »then p isasubstring of w. Every prefix and suffix of string w is
asubstring of w, but not every substring of w isaprefix or suffix of w . Forevery string w, both
w and e are prefixes, suffixes, and substrings of w.

Substring of w =w — (one prefix)—(one suffix).

Language

A Language L over 3, is a subset of ', i. e, itisa collection of strings over the
alphabet .. ¢ ,and {&} are languages. The language ¢ is undefined as similar to infinity and
{&} is similar to an empty box i.e. alanguage without any string.

Example:

1. L, ={01,0011,000111 } isalanguageoveralphabet {0,1}
2. L, ={e,0,00,000 ,....} is alanguage over alphabet {0}
3. L, ={0"1"2" :n 21} isalanguage.

Kleene Closure of a Language

Let 1 bealanguage over some alphabet 3. ThenKleene closure of 7, isdenoted by 7, * and
itis also known as reflexive transitive closure, and defined as follows :
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Example 2 : Convert the following NFAwith € — moves into equivalent NFAwithout < — moves.

Solution :  Transitiontableis

’ 0 1 e

=g, 4o [ 9
4 % )
7, 4 s ¢
4 s 4 ¢

(i) Finding c- closure :

e~ closure (q) isaset of states having paths on epsilon symbol from state q.

e~ closure (g,) = {4y, 49, }

e—closure (q,) = {q, }
e~ closure (4,) = {4, }

e—closure (g;) = {q, }

(i) Extended Transition function :

H (45 0) = e- closure (8 (S (4, €),0))

e— closure (8 (e —closure (g,), 0))

= e~ closure (8 ((4o ¢,), 0))

=e —closure(5(gy,0)\ 6(g;,0))
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= €-closure (q,,4,)

= &- closure (g,)\J e closure (g,)

={q0.11} V{gs}
={q0-91,93}
5(11,,, D =e—closure (5(3 (g,-€), 1)
=e—closure (8( e —closure (g,), 1))
=e—closure (8 ((4,, q,), 1))
= e —closure(5(qy,1) Wd(gy:1)) =€ —~closure(p v gq,)

=e—closure (q,)

={q,}

Continuing like this the table is generalised |as follows.
0 1

_) {‘10 a‘h:‘ls} 2
@ -4 2

9z 9y LA
q3 q3 q3

(iii) Final statesare g,,q, , because

e-closure (g¢)={q0.4:} it contains final state
e-closure (¢,)=¢q, isalso final state

(iv) NFA without ¢ movesis:
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Example 3 : Find an equivalent NFAwithout - transitions for NFAwith < transitions
shown in below figure.

4] 1 2

FIGURE : NFAwith < transitions
Solution : The transition table is,

Inputs
States 0 1 2 =
-4, {a:} ¢ ¢ {a.}
N ¢ {9,} ¢ {2}
¢ ¢ {4} ¢

TABLE : Transition Table for the NFA in above figure.

GivenNFA M = ({ 40::> 423> {0, 12, €}, 8,905 {42 1) -
Now NFA without ¢— moves.

M=(0,%,8,4,, F")
@ Finding - closure:

e—closure (4,)= { 44> 91» 92}
e-closure (g,)={ 4\> 4.}
e—closure (g,)= {4}

(i) Extended Transition function:
§(4,,0) = e—closure (8 (5(g,, ©),0))

= e—closure (8 { 40> %> 9} 0)
=e —closure(8(gy,0) 8(g1,0) U 8(g,,0)
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= e—closure ({q,} VoL )

= e—closure (q,)
={4 % 2.}
é(qo, 1 = e-closure (8(5(%, €), 1))
= e—closure (8({qy,9:,9,}, 1))

= e~—closure[8(q,,1) U 8(q,,1) Ud(g,, 1)

]

e—closure ($ U g, v )

= e~closure ( q,)

=144}
Similarly for other transitions gives, transition table § (g, a)
Inputs
States ‘ 0 1 2
- {20 915 2.} {9,%} {4}
¢ {9 9.} {9}
¢ ) {4}

TABLE : Modified Transition Table for the NFA in above figure

(i) F' contains g,,q;,q, because e closure (g,), e closure (¢,) and - closure (g,)

contains g, .
) M'=(0,%,3,q,, F*) NFAwithout - transitionsis,

0,1,2

FIGURE : NFA without ¢ transitions
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Example 4 : Forthe following NFAwith ¢ — moves convert it into an NFA without ¢— moves.

FIGURE : NFAwith e— moves

Solution :

Letgiven NFA with <— moves be,
M=(0Q,%,8,4,, F)
0={1,2,3,4,5,6,7,8} ; Z={a, b}
g,=1; F={1,7,8}

() Finding e- closure:

First we need to find «— closure of all states of M.
S (g,€)=c —closure(q)

8(1,€)=c —closure(1)={1,2, 3,6}

8(2.e)=e —closure(2)={2,3,6}

8(3,e)=e —closure(3)={3}

3(4,€)=c —closure(4)={4,5}

5(5,€)=e —closure(5)={5}

8(6,€)=c —closure(6)={6}

8(7,€)=e —closure(7)={2,3,6,T}

5(8,e)=¢ —closure(8)={23, 6,8}
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() Extended Transition function :

§,a)  =e—closure (5(5(L€),a))
= e— closure (5({1,2,3, 6}, a))
= e—closure ({4, 8})
={2,4,5,6,8}

by  =e-closure(5(5(Le)b))
= e—closure (8 ({1,2,3,6}, b))
= e closure (9)

={¢}

8(2,a)  =e—closure(5(5(2,€),a))
={2,4,5,6,8}
82,b)  =e—closure(5(5(2.€),b))
= {0}
3(3,a) =& —cIosure(5(3(3,e),a))
={4,5}
5(3,b) =& —closure(5(5(3.€),a))
={¢}
3(4,:1) = e—closure (6(5(4,e),a))
={¢}
3(4,b) = e —closure (5(5(4,€)b))
={7}
8(5.4) = e —closure (5(5(5,€),a))
={¢}
8(5,b) = e ~closure (6(3(5,€),b))
=7}
8(6,) = e —closure (5(5(6,€),a))
={8}
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5(6,) = e —closure (5(5(6,€),b))
={¢}

3(7,a) = e —closure (6(3(7,6),:1))
:{4’8}

8(7.b) = e ~closure (5(3(1,€)b))
={¢}

3(8,a) = e —closure (5(3(8,e),a))
={8

88,b) = e —closure (5(5(8,€).b))
={¢}

Final states of M includes all states whose e — closure contains a final state of M.
F={1,78}

Transitiontable is,

a b
@ {2,4,5,6,8}
2 {2,4,5,6,8}
3 (4,5}
4 ) {73
5
6
@

¢ {7}
{8}
{48}
{8}

FIGURE : Transition Table for the NFAin above figure.
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Transition diagram of NFA without ¢ — transitionsis,

FIGURE :NFA without ¢ - transitions
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REVIEW QUESTIONS

Q1. Explain difference between DFA and NFA.

Answer :

For Answer refer to Page No : 1.12.

Q2. Consider the FA shown in below figure. Check the acceptability of following strings:
(a) 0101 (b) 0111 (c) 001

© ©

FIGURE : Finite automata

Answer :

For Answer refer to example - 1 , Page No : 1.13.

Q3.LetaDFA M =(Q,%,8,9,,F) isshownin below figure.

FIGURE:DFA
Check that string 33150 is recognized by above DFA or not ?

Answer :

For Answer refer to example - 2 , Page No : 1.13.
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Q4. Consider below transition diagram and verify whether the following strings will be

accepted or not ? Explain.

FIGURE : Given Transition Diagram

Start

i) 0011 i) 010101 jiiy 111100 iv) 1011101 .
Answer :

For Answer refer to example - 3 , Page No : 1.14.

Q5. Consider the NFA shown in below figure. Check the acceptability of following string

scanf("%d", & num) ;

Note : Letter stands for any symbol from { a, b, ......... , z } and digit stands for any digit
from{0, 1,2, ... 9}.
Answer :

For Answer refer to example - 4, Page No : 1.15
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Q6. Obtain a DFA to accept strings of a's and b's starting with the string ab .
Answer :
For Answer refer to example - 5 , Page No : 1.16.
Q7. Draw a DFA to accept string of 0's and 1's ending with the string 011.
Answer :
For Answer refer to example - 6 , Page No : 1.18.
Q8. Obtain a DFA to accept strings of a's and b's having a substring aa .
Answer :
For Answer refer to example - 7, Page No : 1.20.
Q9. Obtain a DFA to accept strings of a's and b's except those containing the substring aab.
Answer :
For Answer refer to example - 8 , Page No : 1.22.
Q10. Obtain a DFA to accept strings of a's and b's having exactly one a, atleast one a,
not more than three a's.
Answer :
For Answer refer to example - 9 , Page No : 1.24.
Q11. Obtain a DFAto accept the language L = { awa |w (a+b)*}.
Answer :
For Answer refer to example - 10, Page No : 1.27.
Q12, Obtain a DFAto accept even number of a's, odd number of a's .
Answer :
For Answer refer to example - 11, Page No : 1.29.
Q13. Obtain a DFAto accept strings of a's and b's having even number of a's and b's.

Answer :

For Answer refer to example - 12, Page No : 1.29.
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Q14, Design a DFA, M that accepts the language L(M)={w|we{a, b}'} andw
does not contain 3 consecutive b's.

Answer :

For Answer refer to example - 13 , Page No : 1.31.

Q1s. Design DFA which accepts language L = {0, 000, 00000, ... } over{0}.
Answer :
For Answer refer to example - 14, Page No : 1.31.

Q16. Obtain an NFA to accept the following language L = { wjw e abab” or aba" where n>0 }
Answer :
For Answer refer to example - 15 , Page No : 1.32.

Q17. Design NFA to accept strings with a's and b's such that the string end with 'aa'.
Answer :

For Answer refer to example - 16, Page No : 1.32.
QIS. Design an NFAto accept a language of all strings with double 'a' followed by double 'b'".
Answer :

For Answer refer to example - 17 , Page No : 1.35.

Q19. Design an NFA to accept strings with 0's and 1's such that string contains two
consecutive 0's or two consecutive 1's.

Answer :
For Answer refer to example - 18 , Page No : 1.36.

Q20. Considera NFAshown in below figure. Find equivalent DFA.

B0

FIGURE : Non - deterministic finite Automata
Answer :

For Answer refer to example - 1, Page No : 1.43.
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Q21. Construct equivalent DFA for NFAM = ({p, q,

rs}h {01}, 5.p{q,s}), where
§ is given below .

[ o 1
p {q,s} {a}
O R O
r s q,r
® - {p}

Answer :
For Answer refer to example - 2, Page No : 1.45,

Q22. Find a DFA equivalent to NFA 17 = ({90:91:9:3,{0,13, &,

240-{2,}) . where §is defined
as follows .
PS NS
0 1

=4, {909, } {a,}

% {g,} {9}

- {qos q, }

Answer :

For Answer refer to example - 3, Page No : 1.46.

Q23. ANFAwhich accepts set of strings over { 0, 1} such that some two zero's are separated by

astring over{0, 1 }whose lengthis 4n (n>0) is shown in below figure . Construct equivalent
DFA.

FIGURE:NFA
Answer :

For Answer refer to example - 4, Page No : 1.47.
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Q24. Convert following NFAwith < moves to NFAwithout & moves.

Answer ;

For Answer refer to example - 1 , Page No : 1.53.

Q25. Convert the following NFAwith & . moves into equivalent NFAwithout < — moves,

Answer :

For Answer refer to example - 2 , Page No ; 1.56.

Q26. Find an equivalent NFAwithout «— transitions for NFAwith ¢— transitions
shown in below figure.

Start € €
Qo 9

FIGURE : NFAwith < transitions
Answer :

For Answer refer to example - 3 , Page No : 1.58.
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Q27. For the following NFAwith < — moves convert it into an NFA without €— moves.

FIGURE :NFAwith «— moves

Answer :

For Answer refer to example - 4 , Page No : 1.60.
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OBJECTIVE TYPE QUESTIONS W
1. Whichofthe following is there is an FA?
(@) State Transition (b) Input
(c) State d) All of the above.

2. Thebasiclimitations of Finite state machine is that
(a) it sometimes recognizes non regular language
(b) it sometimes does not recognizes regular language,
(c)it can't remember arbitrary large information

(d) all of the above.
3. Givenadfa 4=(S,%,s5(,5,F ), Aacceptsaword we X’ iff
(@) 8(s,w)doesn't c F, Where s+ So (b) 3(s,w)e F, Where s+#s,
(c) 8(s,w)doesn't e F, Where s= S0 (d) 8(s,w)e F, Where s=s;
4. dfacanrecognize
(a) Only regular language (b) Only unambiguous grammar
(c) Only CFG (d) Any grammar
5. dfahas:
(2) Unique path(for a set of inputs) to the final state
(b) Single final state
(c) More than one initial states (d) All of the above.
6. Thelanguage generated by a deterministic finite automata is,
(a) Informal language. (b) Context sensitive language
(c) Context free language (d) Regular Language
7. ltisgiventhat §(g,x) = 5(g, ), then (g, xz) = 8(g, yz) for All strings z in:
@ ~x () 5+ © = @5

8. Find the false statement for finite automata,
(@) if 5(g,)=08(q, x)then5(q,x2)=5(g,y2).  (b) 8(q,€) =q

(¢) 3(g,xw)=8(q, wx) (d) 8(g,m)=8((g, %), w)
9. Consider the FA fora switch with ON/OFF facilities. The automata can be designed with
minimum no of states ?

@4 ®3 (©2 @1
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10.

11.

12.

13.

14,

15.

16.

Application of finite automata cannot be found in:

(a) String matching (b) Lexical analyzers

(c) Spelling checkers (d) Storage purpose

Find the false statement : An instantaneous description, of the finite-state automation is a
singleton ugv, where:

(a) the configuration is said to be a final configuration if v = and q isthe initial state.
(b) the configuration is said to be an initial configurationif u =¢ and gis the initial state
(©)uvisastringin y*

(d)qisastatein.S

Lisanonempty language such that any winL haslength n, then any dfa accepting L must
have

(@) exactly (n+1) states. (b) .atmost (n+1) states

(¢) atleast (1 +1) states (d) exactly n states
Find the false statement for finite automata,

(2) if 3(q,y)=8(q, %) then 8(¢,32) = (g, yz)

() 3(g.9)=¢

(©) 8(g,xw) =8(g, wx)

(d) 8(q,xw) = S(delta(q,x),w)

It inadfa, 8(g1,x)=q; and 8(g5,) = 1, then 8(qy, xy) is

(a) some state g5 ®) ¢ ©) g5 (d) None of the above,

For adeterministic finite automata, M =(S,%,8,q9, F);5, the transition function is defined
as:

@ 5:5xx -5t 1) 5:5x5 >3
©) 8:5xZ >3 (d) 8:5xZufe} > Q
The rules for nfa state that ........

(a) every state of a nfa may have Zero, one, or many exiting transition arrow for each
symbol in the alphabet,plus",

(b) every state of anfa may have zero, one, many exiting transition arrow for each symbol
in the alphabet,

(c) every state of a nfa must always have exactly one exiting transition arrow for each
symbol in the alphabet.

(d) every state of a nfa must always have at most one exiting transition arrow for each
symbol in alphabet.
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17.

18.

19.

20.
21.

22,

The rules for dfa state that ........

(2) every state of a dfa must always have exactly one exiting transition arrow for each
symbol in the alphabet.

(b) every state of dfa must always have at most one exiting transition arrow for each
symbol in the alphabet.

(c) every state of a dfa may have zero, one, or many exiting transition arrow for each
symbol in the alphabet,plus". )

(d) every state of a dfa may have zero, one, or many exiting transition arrow for each
symbol in the alphabet.

A nfa computes by reading in an input symbol from a string, and splits into multiple copies
of itself, one for each possible transition. If the next input symbol doesn't appear on any of
the arrows existing for the current state of a copy of the machine, that copy dics. A nfa
accepts an input string when all the input symbols have beenread and .......

(a) any one of the alive copies of the machine are in an accept state.

(b) all copies of the machine that died were in areject state

(c) any one copy of the machine that died was in a reject state.

(d) all of the alive copies of the machine are in an accept state

Consider the following two finite state machine in Figure.
(@) The first finite state machine accepts nothing

(b) Both are equivalent () and () @

(c) The second finite state machine accepts e-only

(d) none of the above.

For text searching applications which of them is used:

(a) npda (b) pda (c)dfa (d)nfa
IfSis the number of states in ndfa then equivalent dfa can have maximum of
(a) g5 _1 states (b) s states (c) S-1 states (d) S states

How many of 00, 01001, 10010, 000, 0000 are accepted by the following nfa :

@53 (b)4 ©1 @2
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23.

24.

25.

26.

For a non-deterministic finite aceepter, M =(S,%,8,q9,F);5 , the transition function is
defined as: :

(@) 8:5x(Ex{e}) - 25 ®s:5x2 > §
© 8:8x%—25 (d) None ofthese.
Find the true statement,

(a) There is nothing like non-determinism in finite-state automata,
(b) It depends from case to case.

(c) Non-determinism does not add to the recognition power of finite-state automata.
(d)Non-determinism adds to the recognition power of finite-state automata,

Given an arbitrary non-deterministic finite automation(nfa) with N states, the maximum
number of states is an equivalent minimized dfa is at least

(@ m (®) o () o¥ @ w2
M= ({ql +95,453>{0.1},8,41,{¢;}) is a nondeterministic finite automation, where delta is given
by 8(q0)={g2.43}  d(g.)={qy}
320 ={a1.92}  8(g2.)) ={$}
8(43,9) = {g2}, 8(g3.D) ={a1,92}
Anequivalent dfa s given by which one of the following :
(@ 0 1 ®) 0 1
K a 90 T U1 90
U 12 92 a1 2 92
5] 90 93 2 6] 90
3 43 k] 93 q3 U3
(©) 0 1 @ 1.0 1
T a q0 90 qa 90
Q1 92 /] au 92 92
92 90 3 92 a3 90
3 3 Uy] 93 3 2
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27. Therecognizable property of dfa and ndfa
(a) Must be same (b) May be different
(c) Must be different (d) None of the above.

ANSWER KEY

1d) 2() 3@ 4@ 5@ 6() 7(0) 8(c) 9(c) 10(d)

11() 12(c) 13(c) 14(b)15(c) 16(a) 17(a) 18(a) 19(d) 20(d)
21 (b) 22(d) 23(a) 24(c)25(c)26(c) 27(a)





image4.png
1.4 FORMAL LANGUAGES AND AUTOMATATHEORY

L* = {Set of all words over X}
= {word of length zero, words of length one, words of length two, ....}

-0 =rvrulu..
K=0

Example:

1. % ={a,b} andalanguage 1 over ¥ .Then
=L urlvulu..
L=1{g
L'={a,b},
1? = {aa,ab,ba,bb} and soon.
So, L* = {e,a,b,aa,ab,ba,bb...}
2. § ={0}, then S* = {€,0,00,000 ,0000 ,00000 ...}

Positive Closure

If 5 isan alphabet then positive closure of 3 is denoted by y+ and defined as follows :

»* = %' - {g = {Set of all words over T excluding empty string €}
Example :

if £ = {0} ,then =* = {0,00,000 ,0000 ,00000 ,...}
1.2 MATHEMATICAL INDUCTION

Based on general observations specific truths can be identified by reasoning. This principle is
called mathematical induction. The proof by mathematical induction involves four steps.

Basis : Thisisthestarting point foran induction. Here, prove that the resultis true forsomen=0or 1.
Induction Hypothesis : Here, assume that the result is true forn=k .
Induction step : Prove that the result is true for somen=k+1.

Proof of induction step : Actual proof.
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. . _— . . 1
Example : Prove the following series by principle of induction 1+2+3+.....+n= n("; )
Solution :
Basis :
Letn=1

L.H.S=1andR.H.S =1(12+')=

So the result is true forn=1

1

Induction hypothesis :

By induction hypothesis we assume this result is true forn=k

_ kk+1)

i 14+ 243 Fununk
i.e. 2

Inductive step :

We have to prove that the result is true for , = ¢ +1

e 14243+ +k+k+l=w

Proof of induction step :

L.H.S =14 243 s +k+k+1
Rk

+k+1

=(k+1)(§+1)

(k41 (k+2)
a 2

JGAD GIHD

Hence the proof.
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1.3 FINITE AUTOMATA (FA)
A finite automata consists of a finite memory called input tape, a finite - nonempty set of states, an

input alphabet, a read - only head , a transition function which defines the change of configuration,
an initial state, and a finite - non empty set of final states.

A model of finite automata is shown in figure 1.1.

LT LT T LT Tttt

Reading Head

FIGURE 1.1 : Model of Finite Automata

The input tape is divided into cells and each cell contains one symbol from the input alphabet.
The symbol "y' is used at the lefimost cell and the symbol '$' is used at the rightmost cell to

indicate the beginning and end of the input tape. The head reads one symbol on the input tape
and finite control controls the next configuration. The head can read either from left - to - right or
right - to -left one cell at a time. The head can't write and can't move backward. So, FA can't
remember its previous read symbols. This is the major limitation of FA.

Deterministic Finite Automata (DFA)

A deterministic finite automata M can be described by 5 -tuple (Q, Z, 8, q,, F) , where

1. Qis finite, nonempty set of states,

2. ¥ isaninputalphabet,

3. g is transition function whichmaps Q x £ — Q i.e. thehead reads a symbol in its present
state and moves into next state.

4. g, €Q,knownasinitial state

5. FcQ,knownassetoffinal states.
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Non - deterministic Finite Automata (NFA)

A non - deterministic finite automata M can be described by 5 - tuple (Q, 2, 8, q,, F),where
1 Qisfinite, nonempty set of states,

2. 7y isaninputalphabet,

3. g istransition function whichmaps Q x £ —» 29 i.e., thehead readsa symbol in its present
state and moves into the set of next state (s) . 2@ is power setof Q,

4. q, €Q,knownasinitial state , and

5. F cQ,known as set of final states.

The difference between a DFA and a NFA is only in transition function. In DFA, transition

function maps on at most one state and in NFA transition function maps on at least one state for
avalid input symbol.

States of the FA

FA has following states :

1. Initial state : Initial state is an unique state ; from this state the processing starts.

2. Final states : These are special states in which if execution of input string is ended then
execution is known as successful otherwise unsuccessful.

3. Non-final states : All states except final states are known as non - final states.

4. Hang-states : These are the states, which are not included into Q, and after reaching these
states FA sits in idle situation. These have no outgoing edge. These states are generally

denoted by ¢ . For example, consider a FA shown in figure1.2.

FIGURE 1.2 : Finite Automata

g, istheinitial state, q,, g, are final states,and ¢ is the hang state.
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Notations used for representing FA

We represent a FA by describing all the five - terms (Q, Z, §, q,, F). By using diagram to

represent FA make things much clearer and readable. We use following notations for representing
the FA:

1.

ta

The initial state is represented by a state within a circle and an arrow entering into circle as

shown below :
(Initial state g, )

Final state is represented by final state within double circles :

|
(Final state g, )

The hang state is represented by the symbol '¢' withina circle as follows :

Other states are represented by the state name within a circle.
A directed edge with label shows the transition (or move). Suppose p is the present state
and q is the next state on input - symbol 'a, then this is represented by

B———(9)

A directed edge with more than one label shows the transitions (or moves). Suppose pis the
present state and q is the next state oninput - symbols 'a,* or *a,’ or...or ‘a,’ thenthisis

represented by ()—2mts ()

Transition Functions
We have two types of transition functions depending on the number of arguments.

Transition Function

Direct /\ Tndirect

( Represented by §) (Represented by §")

Direct transition Function (5)

When the input is a symbol, transition function is known as direct transition function.
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Example : 5(p,a) = q (Where pis present state and q is the next state).
Itis also known as one step transition.

Indirect transition function (5')
When the input is a string, then transition function is known as indirect transition function.
Example : &'(p,w)=gq, where p is the present state and q is the next state after | w |

transitions. It is also known as one step or more than one step transition.
Properties of Transition Functions

1. If 8(p,a)=q,then & (p, ax) = 8(g, x) andif &' (p, X) = q,then &' (p, xa) =8'(q, @)
2. Fortwostringsxandy; §(p,xy) =6(8(p,x),y) ,and 8'(p,xy) =5'(8'(p,x),y)
Example :1. ADFA M = ({40.91:92:47},{0,1},6.,90.{q}) isshowninfigurel.3.

OERIBO

G T®

0
FIGURE 1.3 : Deterministic finite automata

Where § is defined as follows :
Lo i
- 0 Q q;
% %P 9,
9 G %
el % %

2. ANFA M, =({94.9:.9.9 s}, {0.1},6,4,.{q ;}) isshowninfigurel.4.

0,1

80@0

FIGURE 1.4 : Non - deterministic finite automata
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Transition function § is defined as follows :

| 0 1
-0, {do o} {a}
g - {qz}
U3 - {a}
9 - {a}

Note : In first row of transition table, when present state is q, and input is '0', then there are
two next states q, ,and q,.

Acceptability of a string by DFA : LetaDFAM=(Q, Z, §, q,, F) and an input string
w e X *. The string w is accepted by M if and only if 8(q,, W) = q;, where ¢, eF .

When w is accepted by M, then the execution of string w ends in a final state and this execution
is known as successful otherwise unsuccessful .
Example : Considerthe DFAshownin figurel.5.

FIGURE 1.5 : Deterministic finite automata
Input strings are :
i 01,
ii) 011
Check the acceptability of each string.
Solution :
1. Lettheinputstring w, = 01, the transition sequence is as follows :

Start

Execution ends in final state ¢, , hence string "01" is accepted.
2. Letinputstring w, =011
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The transition sequence is as follows :

> > —

Execution ends in non - final state g, , hence string "011" isnotaccepted.

Acceptability of a string by NFA

LetaNFA M =(0, %, 8, 4,, F) andan input string w € £ *. The string wis accepted by Mif
and onlyif 8(q,, w)={g; ¢, e F,forsomei=0,1,....... ,n}.

When w is accepted by M, then the execution of string w ends in some final state and the
execution is known as successful otherwise unsuccessful .
Example : Consider the NFA shown in figure1.6.
Check the acceptability of following strings : i) 011  ii)010 i) 011 011

0,1 .
2
Fox
FIGURE 1.6 : Non - deterministic finite automata

Solution :

1. Transition sequence for the string "011" isas follows:
O ®
Starts @ i
1 1
OmmOmO

One execution sequence ends in final state ¢, , hence string "011" is accepted.
2. Transition sequence for the string "010" is as follows :

The execution ends in non - final states g,, ¢, and oneendsin ¢, hence string "010" isnot accepted.
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3. Transition sequence for the string "011011" is as follows :

o

O O

RN
O,

One execution ends in hang state ¢ , second ends in non - final state g, , and third ends in final

s()

state ¢, hence string "011011" is accepted by third execution.

Difference between DFA and NFA
Strietly speaking the difference between DFA and NFA lies only in the definition of §. Using this
difference some more points can be derived and can be written as shown :

DFA NFA
1. The DFAis 5 - tuple or quintuple The NFA is same as DFA except in the
M =(Q,%,8,q,,F) where definition of . Here, § is defined as follows :
Q is set of finite states §:0x(2Ue) tosubset of 50
. isset of input alphabets
8:0xZto Q

g, istheinitial state
Fc Q issetoffinal states

2. There can be zero or one transition There can be zero, one or more transitions

from a state on an input symbol from a state on an input symbol

3, No e- transitionsexisti.e., there < - transitions canexist i. e., without any input
should not be any transition ora there can be transition from one state to
transition if exist it should be onan another state.
input symbol

4. Difficultto construct Easy to construct
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Example 1 : Consider the FA shown in below figure. Check the acceptability of following strings:
(a) 0101 (b) 0111 (c) 001

A xR

FIGURE : Finite automata
Solution : (a) The transition sequence for input string 0111 is following :

OmCmOmOmO,

Execution ends in final state A, hence string 0101 is accepted.

(b) The transition sequence for input string 0111 is as follows :

—(EH OO
Execution ends in non-final state C, hence string 0111 is not accepted.

(c) The transition sequence for input string 001 is as follows :

O 0000
Execution ends in non-final state D, hence string 001 is not accepted

Example 2: LetaDFA M =(0,%,8,9,,F) isshownin below figure.

FIGURE:DFA
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Check that string 33150 is recognized by above DFA ornot ?

Solution :

For string 33150 the transition sequence is as follows :

OO OO0

Since, transition ends in final state, g, , so string 33150 is recognized.

Example 3 : Consider below transition diagram and verify whether the following strings will be
accepted or not ? Explain.

Start
—
1

m‘ '
FIGURE : Given Transition Diagram

iy 0011 ii) 010101 iii) 111100  iv) 1011101 .

Solution : Transition table for the given diagram is,

0 1
- 4, 4
qx 9e qz
% a 9,
q} ql qﬂ

TABLE : Transition Table for the given Transition Diagram
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i) 0011 ii) 010101
5(q4,0011) | -8(g,,011) 5(q0,010101) | -58(g,,10101)
|=6(g,11) -5(g,,0101)
|=6(g5,1) —8(g5,101)
|- —6(44,01)
- 0011 isaccepted. -68(q;,1)
i’
010101 is not accepted.
iii) 111100 iv) 1011101
6(g,,111100) | = 6(g5,11100) 8(gy,1011101) |-&(g5,011101 )
| = (gy,1100) —8(gq,,11101)
| -6(g5,100) —48(gy,1101)
| -6(q,,00) —38(g,,101)
| ~6(g:,0) —5(q,,01)
(=46 —8(qo1)
- 111100 is accepted. —qs

-.1011101 is not accepted.

Example 4 : Consider the NFA shown in below figure. Check the acceptability of following string

scanf("%d", & num) ;

Note : Letter stands for any symbol from {a, b, ......... ,z }and digit stands for any digit
from{0,1,2, ... 9}.
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Solution : The transition sequence for givenstring: scanf("'%d", & num);

Since, execution of given string ends in final state g, , so the string is recognized.

Example 5 : Obtain a DFA to accept strings of a's and b's starting with the string ab .

Solution :

From the problem it is clear that the string should start with ab and so, the minimum string that can
be accepted by the machine is ab. To accept the string ab, we need three states and the machine

can be written as b
(1w

where g, is the final or accepting state. In state g, , if the input symbol is b, the machine should
reject b ( note the string should start with a ) . So, in state g, , on input b, we enter into the
rejecting state g, . The machine for this can be of the form

(a)—-(a)

b

The machine will be in state g, , if the first input symbolis a. If this a is followed by another a, the
string aa should be rejected by the machine . So, in state g, , if the input symbol is a, we reject
itand enterinto ¢, which is the rejecting state. The machine for this can be of the form

=@
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Whenever the string is not starting with ab, the machine will be in state ¢, which is the rejecting
state. So, in state g,, ifthe input string consists of a's and b's of any length, the entire string can
berejected and can stay in state g, only. The resulting machine can be of the form

The machine will be in state g, , if the input string starts with ab. After the string ab, the string

containing any combination of a's and b's, can be accepted and so remain in state ¢, only. The
complete machine to accept the strings of a's and b's starting with the string ab is shown in below
figure. The state g, is called dead state or trap state or rejecting state.

a,b
b

FIGURE : Transition diagram to accept string ab (a + b )*

So, the DFA which accepts strings of a's and b's starting with the string ab is given
by M =(0.,%,8,9,.F)

where 0={q,, 4\, 0,}; L={a,b};
g, isthe start state ; F={q,}
§ is shown the transition table.
«— >
8 a b
T =g 4@ 4
8 A 9 %
a 9, 9:
Vg @ @

TABLE : Transition table for DFA shown in above figure
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To accept the string abab : This string is accepted by the machine and is evident from the
below figure.

a b a b
4 4 \ 4 / 4 4
[ accepting state |
FIGURE : To accept the string abab

Here, & *(g,, abab) = g, whichis the final state. So, the string abab is accepted by the machine.

To reject the string aabb : The string is rejected by the machine and is evident from the
below figure .

a a b b
% a \ % / % :
[ non - accepting state ]
FIGURE : To reject the string aabb

Here, & * (g,,aabb )= ¢, whichisnotan accepting state. So, the string aabb is rejected by the
machine.

Example 6 : Draw a DFA to accept string of 0's and 1's ending with the string 011.
Solution :

The minimurn string that can be accepted by the machine is 011. It requires four states with g, as
the start state and g, as the final state as shown below.

) 1 1
— (@@
Instate g, , suppose we input the string 1111 ..... 011. Since the string ends with 011, the entire
string has to be accepted by the machine. To accept the string 011 finally, the machine should be

instate g, . So, on any number of 1's the machine stays only in state ¢, and if the string ends with
011, the machine enters into the final state. The machine can be of the form

! AL
—»L&—H"“
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Ifthe machine is in any of the states g,, ¢, and g, and if the current input symbol is 0 and if the
nextinput string is 11, the entire string should be accepted. This is because the string ends with
011. So, from all these states on the input symbol 0, there should be a transition to state q, SO

that if we enter the string 11 we can reach the final state. Now the machine can take the form as
shown below.

Instate g, , if the input symbol is 1, enter into state q, sothatifthe nextinput string is 011, we can

enter into the final state ¢, . So, the final machine which acceptsastring of 0's and 1's ending with
the string 011 can take the following form.

FIGURE : transition diagram to accept ( 0+1) *011
So, the DFA which accepts strings of 0's and 1's ending with the string 011 is given by

M =(Q,%,8.9,,F) where
9={4 @ 0> 0, }; Z={0, 1};
g, is the start state ; F ={gq;};
& isshown using the transition table.

«— Z

0 1
A 9 90
g 9, q; 4>
»n 9> q, UE)
4 4, ')

TABLE : Transition table for the machine shown in above figure




image20.png
1.20 FORMAL LANGUAGES AND AUTOMATATHEORY

To accept the string 0011 : This string is accepted by the machine and is evident from the below

figure . Here, & *(g,,0011)= ¢, which is the final state. So, the string 0011 is accepted by the
machine.

NN NN,

[ accepting state ]
FIGURE : To accept the string 0011

To reject the string 0101 : The string is rejected by the machine and is evident from the
below figure .

0 1 0 1
qn ql qZ ql q2
[ non - accepting state ]

FIGURE : To reject the string 0101

Here, §*(g,,0101)= g, which is not an accepting state. So, the string 0101 is rejected by the
machine.

Example 7 : Obtain a DFA to accept strings of a's and b's having a substring aa .

Solution :

The minimum string that can be accepted by the machine is aa. To accept exactly two symbols,
the DFA requires 3 states and the machine to accept the string aa can take the form

Omm Onm @
where g, is the start state and g, is the accepting state. In state g, , if the input symbol is b, stay

in g, so that when any number of b's ends with aa, the entire string is accepted. The machine for
this can be of the form
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L

There is a transition to state g, oninput symbol a. Instate g, ,if the input symbol is b, there will

be atransition to state g, so that if this b is followed by aa, the machine enters into state g, so
that the entire string is accepted by the machine. The transition diagram for this can be of the form

’ b
: a
(-5
b
The machine enters into state g, when the string hasa sub string aa. So, in this state even if we
input any number of a's and b's the entire string has to be accepted. So, the machine should stay

in g, . The final machine which accepts strings of a's and b's having a sub string aa is shown in
below figure

FIGURE : transition diagram to accept (a+b)* aa(a+b)*

The machine M = (Q,X,5,q,,F) where

0={40:9% }3 Z={a b}
q, isthestartstate;  F={g,}
5 is shown using the transition table.

« >

S a b
>4 9 90
4 '3 90

&% @

« States —

TABLE : Transition table for the machine shown in above figure
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To accept the string baab : This string is accepted by the machine and is evident from the
below figure.

b a a b
q() qO ql qZ q2
[ accepting state ]

FIGURE : To accept the string baab
Here, & *(g,,baab )= g, which isthe final state. So, the string baab is accepted by the machine.
The string baba is rejected by the machine and is evident from the below figure.

b a B :
9 9o @ o [non-accei;:ingstatel

FIGURE : To reject the string baba

Here, & *(q,, baba) = g, which is not an accepting state. So, the string baba is rejected by the
machine.

Example 8 : Obtain a DFA to accept strings of a's and b's except those containing the
substring aab.

Solution :

Note : This can be solved in two ways. The first method is similar to the previous problemi. e.,

draw a DFA to accept strings of a's and b's having a substring aab. Then change the final states

to non - final states and non final states to final states. The resulting machine will accept the

strings of a's and b's except those containing the sub - string aab.

Here, the second method is explained. The minimum string that can be rejected by the machine
is aab. To reject this string we need four states g, ,,¢, and g;. Since the string aab has to be

rejected, g, cannot be the final state and the rest of the states will be the final states as shown
below.
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@@

The machine enters into g, ifthe string hasa sub string aab. In this state if we input any number

ofa'sor/and b's, the entire string has to be rejected. So, stay in the state ¢, only. The machine
for this is shown below.

Insstate g, , if the input symbol is b, stay in q, sothatifthis bis followed by aab, the machine
enters into state g, so that the string is rejected. The machine for this is shown below.

In state g, , if the input symbol is b, enter into state g, > 50 thatif this b ends with the string aab,
the entire string is rejected. The machine for this is shown below.

The machine will be in state ¢, if the string ends with aa. At this stage, if the input symbol isa,

again the string ends with aa and so stay in state ¢, only. The complete machine to accept strings
of a's and b's except those containing the sub string aab is shown below.

FIGURE : DFA to accept the string except the sub string aab.

So, the DFA M =(Q,%,58,q,,F ) where
Q={q0$ql$QZ’ qz}; Z={a:b}
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g, isthestartstate;  F ={g,9,,92}
5 is shown using the transition table

«— I >

s ’ a b
0 “’ 9 9o
H )
?ng 9, UE]
¥ 3 95 43

TABLE : Transition table

Example 9 : Obtain a DFA to accept strings of a's and b's having exactly one a, atleast one a,
not more than three a's.

Solution :
To accept exactly one a : To accept exactly one a, we need two states g, and ¢, and make

q, asthe final state. The machine to accept one a is shown below.

In g, , on input symbol b, remain g, only so that any number of b's can end with one a. The
machine for this can be of the form

Instate g, ,on input symbol b remainin ¢, and the machine can take the form

—&-8

But, instate g, , ifthe input symbol is a, the string has to be rejected as the machine can have any
number of b's but exactly one a. So, the string has to be rejected and we enter into a trap state
4, - Once the machine enters into trap state, there is no way to come out of the state and the
string is rejected by the machine. The complete machine is shownin below figure.
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FIGURE : DFA to accept exactly one a

Themachine M = (Q,%.5,9,,F) where

Q={q03q”q1}; 2={aab}
g, isthe start state; F ={q,}
& is shown below using the transition table .

« X
s ‘ a b
4 >4, a4 o
g @ 4
& 9, 9, 7,
{

TABLE : Transition table

The machine to acceptat least one a : The minimum string that can be accepted by the
machine is a. For this, we need two states g, and g, where g; isthe final state. The machine for

this is shown below. . a .

Instate g, , if the input symbol is b, remain in g, . Once the final state g, isreached, whether the
input symbol is a or b, the entire string has to be accepted. The machine to accept at least one a

is shown in below figure. l b ' a,b
(1)—>(®)

FIGURE : DFA to atleat one a
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The machine M = (Q,%,5,q,, F) where

O={qo:01} 5 L={a, b}
q, isthe start state ; F ={q,}
& is shown using the transition table .

«— Z >
5 ‘ a b
-4, 9 9o

9 4

TABLE : Transition table

The machine to accept not more than three a's : The machine should accept not
more than three a's means

It can accept zero a'si.e.,noa's

It can accept one a

It can accept two a's

It can accept 3 a's

But, it can not accept more than three a's.

e o o o o

In this machine maximum of three a's can be accepted i. e., the machine can accept zero a's, one
a, two a's or three a's. So, we need maximum four states g,, g,, g, and g, where all these states

are final states and ¢, is the start state. The machine can take the form

Instate g,, ifthe input symbol is a, the string has to be rejected and we enter into a trap state g, .
Once this trap state is reached, whether the input symbol is a or b, the entire string has to be
rejected and remain in state g, . Now, the machine can take the form as shown below.

. _ a,b
O O O Ol ©
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Instate g,, g, g, and g;, if the input symbol is b, stay in their respective states and the final
transition diagram is shown in below figure.

FIGURE : DFA to accept not more than 3 a's
The DFA M =(Q,%.,6,9,,F) where

0={90:91> 92> 955 44 } 5 Z={a, b}
g, isthe start state ; . F={qy q,%,9}
& isshown using the transition table .

« I

() ‘ a b
9, 99
% @
s @
9, q;
9 4 4,

TABLE : Transition table for DFA shown in above figure

Example 10 : Obtain a DFAto accept the language L = { awa |w c(a+b)*}.
Solution :
Here, w e(a + b) * indicates the string consisting of a's and b's of any length including the null

string. So, the language accepted by DFA is a string which starts with a, followed by a string of
a'sand b's (possibly including <) of any length and followed by one a.

If wis e (null string), the minimum string that can be accepted by the machine is aa and so, we
need three states g,,q, and g, to accept the string, The machine can be of the form
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where g, is the start state and g, is the final state. Instate g, , if the input symbolisb, the string

has to be rejected and so, we enter into a trap state g,. Once the machine enters into trap state,
whether the input is either a or b, the string has to be rejected and the machine for this is shown

below .
a2
b|.
(©)
n.b

Instate g, , if the input symbol is b, remainin g, and the machine takes the form

Instate g, , if the input symbol is a,, the string ends with aand so remainin g, . Instate g, , ifthe
input symbol is b, enter into state g, sothat after inputting the symbol a, the machine enters into
4, - The complete machine is shown in below figure.

FIGURE : DFA to accept awa

So, the machine M = (Q,Z,6,90,F) where Q= {4,,9,,9,-95} > Z={a,b}

q, isthe startstate ; F ={q,}
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& is shown using the transition table .

“— Z >

b ’ a b
>4, [} qs3
4 12 9
@ 92 4
g3 93 q3

TABLE : Transition table for DFA shown in above figure

Example 11 : Obtain a DFA to accept even number of a's, odd number of a's .

Solution :
The machine to accept even number of a's is shown in figure (2 ) and odd number of a's is shown
in figure(b). 4 _ a
@_>® (W@
a a
Figure : (a) Figure : (b)

Example 12 : Obtain a DFA to accept strings of a's and b's having even number of a's and b's.

Solution :
The machine to accept even number of a's and b's is shown in figure 1.

FIGURE 1 : DFA to accept even no. of a's and b's
Note : In the DFA shown in figure 1, instead of making ¢, as the final state, make g, asthe final
state. The DFA to accept even number of a's and odd number of b's is obtained and is shown in
figure 2.
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FIGURE 2 : DFA to accept even no. of a's and odd number of b's

Note : In the DFA shown in figure 1, instead of making g, as the final state, make g, as the final
state. The DFA to accept odd number of a's and even number of b's is obtained and is shown in

figure3.

a
FIGURE 3 : DFA to accept odd no. of a's and even number of b's

Note : Inthe DFA shown in figure 1, instead of making ¢, asthe final state, make ¢, as the final
state. The DFA to accept odd number of a's and odd number of b's is obtained and is shownin

figure 4.

FIGURE 4 : DFA to accept odd no. of a's and odd number of b's
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Example 13 : Design a DFA, M that accepts the language L(M) ={ w|we {a, b}"} andw
does not contain 3 consecutive b's.

Solution :
We first consider a language L, (M) ={w|we {a, b}'} and w contain 3 consecutive b's.

Then DFA for L, is,

FIGURE : (A)
Now we can get language L(M) by converting non - final states to final states and final states to
non - final states.

FIGURE : (B)
FIGURE : Construction of DFA from the language L = { wjwe {a, b}"}

Example 14 : Design DFA which accepts language L ={ 0, 000, 00000, ...... } over{0}.

Solution : L={0, 000, 00000, ..... } over { 0 } means L accepts the strings of odd number
of 0's. So the DFA for Lis,

=(2)

FIGURE : DFA for the given language L.
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Example 15 : Obtain an NFA to accept the following language L = { w|w € abab" or aba"
where n>0 }

" Solution : The machine to accept gpqp" Where n >0 is shown below :

b

The machine to accept 43, Where 7 >0 is shown below :

D@D

The machine to accept either gpgp" OF gpgn Where r >0 isshown below :

Example 16 : Design NFA to accept strings with a's and b's such that the string end with 'aa’.
Solution :

Method - | : The simple FA which accepts a string with 'aa'is
— (@

Now there can be a situation where in

Anything a a

eitheraorb
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Hence we can design a required NFA as
ab

It can be denoted by ,

M=({9 % 9.} 3, {40} {4.})
‘We can test some strings for above drawn NFA.

Consider
8(g,aaa) |- 8(q,, aa)
- & (g, a)
|-=6(g,,€)

i.e. wereach to final state.
8 (gy, @aaa) |- 8(q, aa)
- 8(q @

. |-38(q1,€)
i.e. we are not in final state.

Thus there are two possibilities by which we move with string 'aaa in above given NFA.

Method - I

Start with two consecutive a's intially. It requires three states ¢, ¢, and g, respectively. Consider
g, astheinitial state

~@—0—O

Assign g, as final state so that it accepts two consecutive a's
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After going through this chapter, you should be able to understand :

« Alphabets, Strings and Languages
o Mathematical Induction

o Finite Automata

« Equivalence of NFAand DFA

o NFAwith ¢ - moves

1.1 ALPHABETS, STRINGS & LANGUAGES
Alphabet

Analphabet, denoted by 5. ,isafinite and nonempty set of symbols.

Example:
1. If x is an alphabet containing all the 26 characters used in English language, then
s is finite and nonempty set,and = = {a, b,cy.uas 2}

2. X ={0,1} isanalphabet.
3. ¥ ={1,2,3,.} Is not an alphabet because it is infinite.
4. z ={} isnotanalphabetbecauseitisempty.

String
A string is a finite sequence of symbols from some alphabet.
Example :

"xyz" isastring over an alphabet = ={a,b,c,...,2} . The empty string or null string is
denoted by <.
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Design such a way if any number of b's preceeds firsta it should be in the same state i.e., in the

state g, .

Design such a way if a's preceed by first a it should move from g, to g, onlyi.e., it willbe in

the state.

The transition table is
a b
4, {2091} 9,
4, 4, o
9> 9, G

Test for the strings which ends with two consecutive a's.

String baa :
6(qq,baa)

|-6(qq,aa)
|-6(q,,a)
[—6(q2.€)
|-g,€F

String baa :

8(qg-baa) | -6(g0,aa)
|=6(q05a)
|=68(qy5€)
|-q.¢F

NFA and two possibilities for the same input also shown.
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String aab :

8(g9,aab)  |-5(qy,ab)
|=6(q4,b)
|-6(q,5€)
|~q¢F

Ifthe string is not ending with two consecutive a's it will not be accepted.

String aaa:

6(qg,aaa) | -8(qy,aa)
t_é(qlra)

|_5(q2>6)
|=q,eF

Example 17 : Design an NFA to accept a language of all strings with double 'a’ followed by
double 'b'.

Solution : First design an NFA with three states g,, g,, ¢, and in which 4, is the initial state to
accept the string with two a's.

—(@©-"®
In second step we have to add another two states for the following two b's as shown below.
Those states are ¢, and g,

OanOanOen OO

Inthe third step we assign ¢, as final state,

RO ORGSO O
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It can accept any number of a's or b's before first two successive a's. In the same way after the
two successive b's also it can accept any number of a's or b's.

The NFA is defined as below :

M=(0,3,8, g, F)

where Q:{(Io,quqz’qnqa} 5 Z:{a’b}
F ={gq, } andthe transition table is given below :

a : b
- q, {d0a } 9
9 4, ¢
9, ¢ s
9 ¢ 4
9. 94

Consider the string aaa bb :

8(g,, aaa bb) |~ 8(qq;aa bb)

|- 8(g,,a bb)

I~ 8(q,, bb)

I= 8(g; b)

|- 8(gq ©)

- g, € F

aaa bb € L(M)

Example 18 : Design an NFA to accept strings with 0's and 1's such that string contains two
consecutive 0's or two consecutive 1's.

Solution : First we design NFA to accept two consecutive 0's . This
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Next we can have any number of 0's and 1's before and after two consecutive zeros. ie,

0,1

(N

_o.vo @

then similarly NFA for accepting two consecutive 1's is

0,1

a
(———

Combining above two designs

=

@Ds

Transition table is
5 0 1
>4, {901} {40.95}
4, 4 ¢
@ &
9 ¢ 4.
q, 94
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Checking 10100 string with NFA.
a—t gt g gL gy g
NN N A A
a g @ q q
X % X B\

%

Observing above graph there are three completed paths for the string 10100. They are

9" %° %" %° %" %
qo!qogqo!qog%gql
%' %° % %" 0 e

Inall these three couple paths one path is ending with final state ( g, or g, ). So, the string 10100
is accepted (It contains two consecutive 0's ).

Now considering another stirng 1010, then graph becomes
gLt
NN A
% Q@ % o
X X X

There are two completed paths. But no path is ending with final state ( g, or g, ). So, the string
1010 is not accepted (because it does n't contain two consecutive 0's or 1's).

1.3 EQUIVALENCE OF NFA AND DFA

Aswehave discussed in comparison of NFA and DFA that the power of NFA and DFA is equal.
It means that if a NFA M, accepts language L, then some DFA M, also accepts it and

¥
vice - versa.

Inthis section, we will discuss about the equivalence of NFA and DFA. It is obvious that all DFA
are NFA from NFA definition. We will see this in the following theorem.
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Theorem 1.3.1: All DFA are NFA.
Proof : While discussing the proof, we will concentrate on two things :

1. How'to construct the target NFA ? And
2. The acceptability should be same for both.

Step 1 : Construction of the target NFA from given DFA

Let M=(Q,%, 8,4,, F) bethe given DFAand M, =(Q,, Z, §,, 5, F;) be the target NFA,
then

1. @ = Q ( States of DFA are same for NFA),
2. ¥ issame for both,
3. §, =8 ,itmeans, whatever transition function given for DFA M is same for the target

NFA M,.

We also see that
For DFAM : Transition function is definedas Qx = — Q,and

ForNFA M, : Transition functionis definedas g x£— 22

So, (0x2—>0)c(Q,xT—22) or 9c 29
4. s=gq, ( Same starting point or initial state )
5. E=F ( Same terminating points or final states )

Step 2 : The acceptability of DFA and NFA: Let w be an input string and accepted by DFA

Mand weX' if and only if 8' (¢, W)=4¢,, 4, €F ( &' is indirect transition function )

For equivalent NFA M,

8, (s, w) =8'(qw)=q;.9, €F
(By construction definition 8, =8, s =¢,, F, =F and &', isindirect transition finction for NFA).
Thus, NFA M, also accepts w.




